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Univariate Volatility Modelling — Part B
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Roadmap

Statistical properties of market prices Practical implementation
volatility clusters, fat tails, nonlinear dependence data and Python
Volatility
univariate \ Vo|ati|ity Risk
multivariate Value-at-Risk, Expected Shortfall
Implementin Analytical Simulation g 3

P g Y Market risk regulations
risk forecasts methods for derivatives methods for derivatives

Extreme market outcomes

endogenous risk

Backtesting risk forecasts
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Volatility

Volatility is the main measure of risk (see Chapter 4)

® |nvestment decisions

Portfolio construction

® Derivative pricing
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Estimation and Forecasting

Chapter 2 is in two parts
® Part A covered model specification: MA, EWMA, GARCH and its extensions

Part B, this one, covers estimation, diagnostics and alternative volatility measures

Chapter 3 does multivariate volatility
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The theory of estimating the models

Practical implementation in estimation

Diagnostics of estimated volatility models

Alternative volatility measures (implied and realised volatility)
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Univariate Volatility Models

® Estimation of volatility models, maximum likelihood
® Diagnostics

® |mplied volatilities, like the VIX volatility index

® Realised volatilities
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Notation New to This Chapter

L likelihood function
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Learning Outcomes

1. Understand and even derive the maximum likelihood estimator of ARCH and
GARCH models

2. Implement the estimators of the various volatility models in R and Python
3. Diagnose volatility models

Recognise how these models are different from realised volatility models and those
obtained from implied volatility such as the VIX
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Other Reading

e Chapter 2 in Financial Risk Forecasting Danielsson (2011) — accessible, covers
estimation and diagnostics

® Alexios Galanos. 2024. GARCH Models. Vignette for the tsgarch R package.
https://cran.r-project.org/web /packages/tsgarch /vignettes/garch_models.pdf —
practical R vignette; implementation-oriented, light on theory

e Christian Francq and Jean-Michel Zakoian. 2019. GARCH Models: Structure,
Statistical Inference and Financial Applications. 2nd ed. Wiley — comprehensive
graduate-level textbook; rigorous treatment of GARCH theory and asymptotics
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Meaning of the GARCH Parameters
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Meaning of Parameters

The GARCH(1,1) model is
of =w+ayf i+ Poi4

® « is news — how volatility reacts to new information

® (3 is memory — how much volatility remembers from the past

The size of (a + ) determines how quickly the predictability (memory) of the
process dies out:

If (o + 5) is close to zero, predictability will die out very quickly

If (aw + B) is close to one, predictability will die out slowly
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Half-Life

In physics, half-life indicates how quickly a radioactive material decays to half the

radiation

The half-life of GARCH is how quickly a shock to variance dies out to half the

impact of the shock
You can see that labelled on the next figure

Start with GARCH
02 =w+ay? , + Boi_y

We show in the that the half-life, n* is
oo [ 1

n* =1 + 0g72

7 log(a+p)

Requires o 4+ 8 < 1 (covariance stationarity); undefined otherwise

And as (o + 8) — 1, n* — 0o, memory is infinite
Financial Risk Forécasting (©) 2011-2026 Jon Danielsson -

CC BY-NC-ND 4.0 -
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GARCH News, Memory and Half-Life
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S&P-500

Dates w e B v Half-life
Jan 2012-Dec 2019 GARCH 0.0000048 0.173 0.755 10
Jan 2012-Dec 2019 GARCH-t 0.0000032 0.176 0.792 5.1 22
Jan 2012-Jul 2026  GARCH 0.0000042 0.155 0.802 17
Jan 2012-Jul 2026  GARCH-t 0.0000027 0.156 0.826 5.7 40
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News Impact Curve
Engle and Ng (1993)

The news impact curve captures the relationship between shocks at time t — 1
(€:—1) and the variance at time t, 02

It plots 02 as a function of the return shock ;1 (the unstandardised innovation),
holding all other information constant

For GARCH, the curve is symmetric — positive and negative shocks of equal size
have the same effect on variance

For GJR-GARCH, the curve is asymmetric — negative shocks increase variance
more than positive shocks

This reflects the leverage effect: bad news tends to increase volatility more than
good news of the same magnitude
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News Impact Curve — S&P-500. Aug 2014 - Jul 2026
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Maximum Likelihood
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Maximum Likelihood Estimation

® A linear model is

y=a+bx+e
® In regression the object is the conditional mean, and least squares estimates it
directly
® In GARCH the object is the conditional variance — latent and recursively defined

® So there is nothing to regress on directly; instead we match the model’s
conditional density to the data

® That is maximum likelihood

e Consistent parameter estimates even if true density is non-normal
(quasi-maximum likelihood, QMLE) (Francq and Zakoian 2019)
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What Is Maximum Likelihood?

We ask the question: Which parameters most likely generated the data?

Suppose we have a sample of

(-0.2,3,4,-1,0.5)

Of the three possibilities, which is most likely?

[ ]
W oo
1 1 5
2 -2 2
3 1 2
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Likelihood Function

The likelihood function is the joint density of all observations, given parameters 6
f(Xl, ce 7XT’Q)

® Unlike a regular probability density, the likelihood treats the parameters as
unknown and the data as fixed

® \We use L to indicate the likelihood function

L(6|data)

And the log likelihood by
£(0|data)
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Maximum Likelihood

® We ask “what are the most likely parameters given the data?”
OpL = arg max ¢(0|data)

® Why log?

® | ogs turn products of densities into sums — simpler and numerically stable —
and the maximiser is unchanged

Financial Risk Forecasting (© 2011-2026 Jon Danielsson - CC BY-NC-ND 4.0 - page 24 of 97



Intro Memory /impact ML Optimising Estimation LR Diagnosis Alternative Covid Recent shocks Appendix Bib
ﬁﬁﬁﬁﬁﬁ o o) o
[e]

000000 00000

000000000 0000000 0000 00000 0000000 00000 o] 0000000
0000 000000 0000 000000

Curvature and Fisher Information

® The curvature of the log-likelihood near its maximum gives us information about
parameter precision

® The steeper the curve, the smaller the standard error

® Formally, the Fisher information is defined as:
Z(9) = —E [V54(0 | data)]

® The asymptotic covariance matrix of the maximum likelihood estimator is
approximately:
Cov(Am) =~ Z(0) !

® This is the foundation of asymptotic confidence intervals for MLEs

A later figure illustrates this relationship
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Normal and Non-Normal

® In what follows, we only do the conditional normal densities
® |t is straightforward to use others
® The step-by-step derivation of the normal log-likelihood is in the
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GARCH(1,1)
® ¢; in GARCH(1,1) has a standard normal distribution

Yt =0 t€t

2 2 2
or =w +ay;_q + B0y

€t NN(O, 1)

® Conditional on past returns and past variance, the day t density is:

1 1y?
f t information) =——— —- 7L
(yt|past information) oma? exp < 5 a%)
_ 1 1 v?
B 2 >y F 2w+ ay? | + fBo?
\/27r(w +ay; |+ Boi_y) t-1 t—1

Financial Risk Forecasting (©) 2011-2026 Jon Danielsson - CC BY-NC-ND 4.0 - page 27 of 97




Alternative Covid Recent shocks Appendix Bib

Intro Memory /impact ML Optimising Estimation LR Diagnosis
000000000 0000000 00000 000000 00000 0000 000000 0000000 00000 00000 0000000 O
000e00 0000 0000000 0000 000000

GARCH(1,1) Likelihood Function

® The summation starts on day 2, since day 1 has no prior return

® The log likelihood is

-1
= 5 log(27)
Constant
1< y?
— = |log (w+ay?  + B0 ) + :
5 2 g( Yi_1 + Boy 1) w+ayt2_1+502t_1
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The Initial Volatility — o,

The likelihood starts on day 2, since day 1 has no prior return

But GARCH also depends on previous volatility

We do not observe o1

We either need to estimate it or assume a value for it

Financial Risk Forecasting (© 2011-2026 Jon Danielsson - CC BY-NC-ND 4.0 - page 29 of 97
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Importance of o,

® Value of o1 can make a large difference
® Especially when the sample size is small

® Typically set 01 =&
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Issues in Estimation

® Parameters are obtained by maximising the likelihood function

0 The set of parameters
© The space the parameters live in

O = £(6|dat
ML = arg max (0|data)

® Done with an algorithm called an optimiser

® There often are numerical problems

Financial Risk Forecasting (© 2011-2026 Jon Danielsson - CC BY-NC-ND 4.0 - page 31 of 97
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Optimising

The computer uses an algorithm called an optimiser to maximise the likelihood
function

There are many optimisers available
A classical, and not the best, optimiser is Newton-Raphson
It starts with an initial guess for the parameters

At each step, it uses the first derivative (gradient) to find the direction of
improvement and the second derivative (curvature) to determine the step size

It repeats until the parameters stop changing

Financial Risk Forecasting (©) 2011-2026 Jon Danielsson - CC BY-NC-ND 4.0 -
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Maximum Likelihood and Newton-Raphson

log likelihood
N

T

T

| | |
0 50 100 150 200
parameter value
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Maximum Likelihood and Newton-Raphson

?_¢

T

log likelihood

df(x) d?(x)
>0
dx dx?

| | |
0 50 100 150 200
parameter value

>0
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Maximum Likelihood and Newton-Raphson

?_¢

T

log likelihood

| | |
0 50 100 150 200
parameter value
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Maximum Likelihood and Newton-Raphson

df(x)
dx
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Maximum Likelihood and Newton-Raphson

df(x d?f
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dx dx?
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Pathologies

It is straightforward to optimise the ARCH model
And the GARCH
For other models there can be a number of problems

® A common one is multiple local maxima
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Pathologies

T T 9

log likelihood
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parameter value
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Pathologies

—
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log likelihood
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Pathologies
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Pathologies
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Pathologies
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Issues

Problems are rare for smaller models such as GARCH(1,1)

The more parameters there are, the more likely problems are

And the more data we need for estimation

GARCH might need at least 500 observations, Student-t GARCH 3,000

For the multivariate models discussed in the next Chapter, estimation problems
are common

For example, multiple local maxima
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Estimation
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Estimating Volatility Models

We estimate volatility models using specialised packages

In R we use tsgarch (Galanos 2024), part of the tsmodels ecosystem
In Python we use arch (Sheppard 2024)

Both follow the same two-step pattern: specify the model, then estimate it

For full code examples in R, Python and Julia, see
https://www.financialriskforecasting.com/notebook/Volatility /univariate.vol.html
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GARCH(1,1) Estimation

* R
library(tsgarch)
spec = garch_modelspec(y = y, model = "garch",

order = c(1, 1), distribution = "norm"
results = estimate(spec)
® Python
from arch import arch_model
model = arch_model(y, vol='GARCH', p=1, g=1,
dist='normal', mean='Zero')
results = model.fit(disp="'off"')
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Other Models

GJR-GARCH with Student-t innovations

Alternative
0000000

R

spec = garch_modelspec(y = y, model = "gjr",
order = c(1, 1), distribution = "std")

results = estimate(spec)

Python

Covid Recent shocks Appendix Bib
00000 00000 0000000 O
0000 000000

model = arch_model(y, vol='GARCH', p=1, o=1, g=1,

dist='t', mean='Zero')
results = model.fit(disp='off"')
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Extracting Results

® Both libraries provide parameter estimates, fitted volatility and log likelihood

° R
coef (results) # parameters
sigma(results) # fitted volatility
logLik(results) # log likelihood

® Python
results.params # parameters
results.conditional_volatility # fitted wvol
results.loglikelihood # log likelihood
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Likelihood ratio tests
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Nested Models

® The LR test requires models to be nested — one is a special case of the other
® ARCH(1) is nested inside GARCH(1,1)
® But ARCH(2) and GARCH(1,1) are not nested

Unrestricted  Restricted Test

ARCH(4) ARCH(1) Ho:ao=0a3=04=0
GARCH(1,1) ARCH(1) Ho:68=0
GARCH(2,2) GARCH(1,1) Hy:P2=a2=0
GJR-GARCH GARCH Hy:~v=0

Each test restricts some parameters to fixed values and checks if the simpler model
suffices
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Likelihood Ratio Test

This is distinct from backtesting (Chapter 8)

A more complex model always fits at least as well as a simpler one

But extra parameters may just be fitting noise

The likelihood ratio test tells us whether the improvement in fit is statistically
significant

For non-nested models (e.g. Student-t GJR-GARCH vs normal GARCH), use

information criteria (AIC, BIC) — which penalise the log-likelihood for the
number of parameters — or out-of-sample forecast comparison instead

Akin to a standard t-test for one parameter, but also allows testing of multiple
parameters
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Likelihood Ratio Test

® Denote the log likelihood by ¢
¢ Call the nested model restricted (R) and the other unrestricted (U)

® By definition
g <ty

® We want to identify whether £y — ¢ is statistically different from zero

Ho :Lg is sufficient (restricted model holds)
Ha :Ly is required (unrestricted model improves fit)
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Likelihood Ratios

Intro Memory /impact ML Optimising Estimation LR Diagnosis Alternative Covid
000000000 0000000 o

Log likelihood
N

T

T

| | |
0 50 100 150 200
Parameter value

Financial Risk Forecasting (© 2011-2026 Jon Danielsson - CC BY-NC-ND 4.0 - page 46 of 97



Recent shocks Appendix Bib

000000 00000 0000 000000 0000000 00000 00000

Intro Memory /impact ML Optimising Estimation LR Diagnosis Alternative Covid
00000 0000000 O
000000 €000 0000000 0000 000000

000000000 0000000

Likelihood Ratios

—— Restricted
—— Unrestricted

T 9

T

Log likelihood

| | |
0 50 100 150 200
Parameter value

Financial Risk Forecasting (© 2011-2026 Jon Danielsson - CC BY-NC-ND 4.0 - page 46 of 97



Intro Memory /impact ML Optimising Estimation LR Diagnosis Alternative Covid Recent shocks Appendix Bib
000000000 0000000 00000 000000 00000 0000 000000 0000000 00000 00000 0000000 O
000000 0000 0000000 0000 000

Likelihood Ratios

—— Restricted

2
8] 2(logLy - logLg) ~ X; —— Unrestricted

Log likelihood

| | |
0 50 100 150 200
Parameter value

Financial Risk Forecasting (© 2011-2026 Jon Danielsson - CC BY-NC-ND 4.0 - page 46 of 97



Intro Memory /impact ML Optimising Estimation LR Diagnosis Alternative Covid Recent shocks Appendix Bib
o

000000000 0000000 0000 000000 00000 0000 000000 0000000 00000 00000 0000000 (o]
000000 [e] lee) 0000000 0000 000000

Likelihood Ratio Test

® Two times the difference between the unrestricted and restricted log-likelihoods is
asymptotically x? distributed

® The degrees of freedom are equal to the number of restrictions

LR =2(¢y — lr) ~ X2

(number of restrictions)

® This requires the null value to lie in the interior of the parameter space; for
boundary nulls, such as Hy: 8 = 0 with 8 > 0, the test is conservative
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Compare GARCH(1,1) to ARCH(1)

° R
specO = garch_modelspec(y, model="garch", order=c(1,0))
specl = garch_modelspec(y, model="garch", order=c(1,1))
resO = estimate(spec0); resl = estimate(specl)
LR = 2 * (logLik(resl) - logLik(res0))
pvalue = 1 - pchisq(LR, 1)

® Python
m0 = arch_model(y, vol='GARCH', p=1, g=0, mean='Zero')
ml = arch_model(y, vol='GARCH', p=1, g=1, mean='Zero')
r0 = m0.fit(disp="'off'); rl = ml.fit(disp="'off"')
LR = 2 * (rl.loglikelihood - r0.loglikelihood)
pvalue = 1 - chi2.cdf (LR, 1)
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Sample Results — S&P-500. Aug 2014 - Jul 2026

Model w «a B ¥ v l

ARCH(1) 0.0000674  0.457 9,608

GARCH(1,1) 0.0000041 0.167 0.797 9,943

GARCH-(1,1) 0.0000024 0.169  0.823 5.6 10,037

GJR-GARCH(1,1) 0.0000042 0.037 0.809 0.246 10,002
® GARCH-t has the highest log likelihood

But adding parameters always improves fit

The LR test tells us which improvements are significant
For example, GARCH vs ARCH: LR = 670, far exceeding x? critical value of 3.84
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Diagnosing Volatility Models
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Diagnosing Volatility Models

® |deally we would want to know how a model performs operationally

® But usually we have to make do with an in-sample comparison
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Residual Analysis

® Test if a single model is correctly specified

® Relies on checking whether the residuals (innovations) behave according to the
model assumptions

® For example, when estimating a normal GARCH, are the standardised residuals
approximately 11D normal?

Financial Risk Forecasting (©) 2011-2026 Jon Danielsson - CC BY-NC-ND 4.0 - page 52 of 97



Intro Memory /impact ML Optimising Estimation LR Diagnosis Alternative Covid Recent shocks Appendix Bib
o

000000000 0000000 0000 000000 00000 0000 000e00 0000000 00000 00000 0000000 (o]
000000 0000 0000000 0000 000000

Residual Analysis of GARCH(1,1)

The model assumes
Yt = Ot€t, €~ N(O; 1)

® \We use “ to denote estimated quantities

The estimated residuals are
N 043
€t =
Ot

If the model is correct, €; should be approximately IID standard normal

Test with Jarque-Bera (normality), Ljung-Box (autocorrelation of € and ¢2), and

QQ plots
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Residual Tests

e Extract the standardised residuals: € = y;/6+
® Ljung-Box test on & and é2 for autocorrelation
® Jarque-Bera test for normality

® QQ plot against the assumed distribution

® For R and Python implementation, see
https://www.financialriskforecasting.com /notebook/
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Estimation Results from the S&P-500. Oct 1986 - Jul 2026

® We use a typical S&P-500 return series as an example

First we show prices and then returns

After that, the in-sample conditional volatility

Superimpose +2 conditional volatility bands on the return series
And look at ACF and QQ plots
In R: plot(results); in Python: res.plot()
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Conditional Volatility (In-Sample)

1990 2000 2010 2020
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Conditional Volatility and Returns
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What Do Good Residuals Look Like?

® No autocorrelation in residuals

® No autocorrelation in squared residuals

Residuals approximately normal (or t if estimated as such)

QQ plot follows 45-degree line
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Alternative Volatility Measures
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Realised Volatility
Andersen et al. (2003)

Volatility is calculated from return data sampled at regular intervals

Typically done from intraday data, but the same method can be used to get
monthly volatility from daily data
® Pros
® Purely data-driven and no reliance on parametric methods
e Cons

® |ntraday data must be available, such data are difficult to obtain, hard to use, not
very clean and expensive

® |ntraday data exhibit market microstructure noise, irregular trading and diurnal
patterns that must be addressed
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Implied Volatility
Black and Scholes (1973)

® The Black-Scholes (BS) equation
Option price = BS(r, rr, Pt, X, 0)

where 7 is the time to expiry, rr the risk-free rate, P; the spot price, X the strike
price, and o the volatility

e Volatility implied by the price
Implied volatility = BS™(, rf, Pt, X, option price)

® Based on current market prices and not historical data

® Depends critically on accuracy of BS model (constant volatility and normally
distributed log returns)
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VIX

From the Chicago Board Options Exchange (CBOE)
Volatility index — VIX

It reflects the market’s risk-neutral expectation of annualised volatility over the
next 30 days, derived from S&P-500 index option prices

Because of the variance risk premium, VIX systematically exceeds realised
volatility on average

A model-free implied volatility measure derived from a strip of option prices,
unlike single Black-Scholes implied volatilities

It is known as the ‘“fear index” of the financial markets

The VIX has entered popular culture, inspiring a thriller novel by Robert Harris
titled The Fear Index
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S&P-500 GARCH and VIX. Jan 2020 - Jul 2026
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The VIX Is Not a General Measure of Risk

® The VIX is a specific measure — 30-day risk-neutral variance implied by S&P-500
index options

® |t is often overused in common discussion, as if it summarised how risky markets
are

® There is no reason to believe it is any more or less informative than other volatility
models, such as GARCH
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Two Cases

We apply the models to episodes of market stress — Covid-19 in 2020, the Trump
tariffs in 2025 and the Iran war in 2026

In each, we estimate on samples that include and exclude the episode

And compare

® Returns and their autocorrelations
® GARCH parameters, and how they move through the episode
® News impact curves for GARCH and GJR-GARCH

® The question is how much a single extreme period changes what the models tell us
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Case: Covid-19
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What Happened in 2020

® Markets largely ignored Covid until late February 2020

e The S&P-500 then fell 34% in five weeks, peak on 19 February to trough on 23
March

® 16 March was the main market date — the S&P-500 fell 12%, its worst day since
1987, and the VIX closed at a record 82.7

® Circuit breakers halted trading four times during the month
® The index recovered its February level by August

® A large shock, sharply dated — a good case for asking what our models do when
one short period dominates
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S&P-500 ACF With and Without 2020
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GARCH Analysis

Consider the normal GARCH, the Student-t GARCH and the GJR-GARCH

The GJR adds a leverage parameter «, letting a negative return raise volatility by
more than a positive return of the same size

® \When we include and exclude the crisis period

® We expect persistence (a + [3) to rise and degrees of freedom () to fall when the
crisis period is included

And ~ to be larger, since the crisis was a run of large falls
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S&P-500 GARCH Analysis

w « I} % v Persist. Half

Normal to 2020-02-10 4.6e-06 0.192 0.735 0.927 10

to 2020-07-02 3.7e-06 0.219 0.752 0.971 24

Student-t  to 2020-02-10 2.7e-06 0.187 0.788 4.24 0.975 28
to 2020-07-02 2.1e-06 0.218 0.799 3.86 1.017 NA

GJR to 2020-02-10 4.1e-06 0.031 0.766 0.301 0.948 14
to 2020-07-02 3.7e-06 0.081 0.741 0.352 0.997 264

Both windows are 1000 days, 2016-02-22 to 2020-02-10 excluding the crash and
2016-07-14 to 2020-07-02 including it

Why do you think the half-life is NA for the Student-t?
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S&P-500 GARCH Coefficients in 2020
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S&P-500 News Impact
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Case: Recent Shocks
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Two Shocks

e 2 April 2025, “Liberation Day" — reciprocal tariffs announced, a 10% baseline on
all imports and higher country rates

® 15 March to 15 April 2026 — the Iran war
® Both periods are shaded in the charts that follow
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S&P-500 GARCH Coefficients
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S&P-500 News Impact
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Appendix: ML and Half-Life Derivations
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Normal Density

o |f:

® Then its density is:
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Joint Normal Density

® |f we have 2 x, i.e. x3,x2, independent and with the same mean and variance, the
Jjoint density is the product of the two densities

1 (x— p)?

1 1
f =
(X17X2) 502 exp < 2 o2 ) X 502 exp < 2 o2

ﬁ 1 . 1(x; — p)?
= — X —_——m
—1 V2no? P2 o

1

Lo %)
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We Will Want This in Logs

® Take logs
log f(x1,x2) = log f(x1) + log f(x2)

® Then

log f(x1,x2) = —g log(27)

—_————
Constant
2
1 2 (xi— M)Z
23 (togor + BT
i=1
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If Mean and Variance Are Different

® |f the two x are independent, but with different means and variances

2
log f(x1,x2) = —5 log(27)

—_———
Constant
2
1 Xi — pu;)?
2 4 o
i=1 !
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Independence

® For independent observations, the joint density is the product of marginals

® For dependent data (like GARCH), we use the chain rule: the joint density factors
into a product of conditional densities

® Each conditional density treats past returns as known constants
® This lets us write the likelihood as a product, even though returns are dependent
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® ¢; in ARCH(1) has a standard normal distribution
Yt =0t€¢
2 _ 2
Op =w +ay;
€t NN(O, 1)
® The day t density is:
1 1y?
t
f(yelye—1) =T/ &P 5,2
\2mog Ot
2
1 Yt

1
= exp ———
\/27(w + ay? ) 2wt ayi
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The First Day

® Return on day t depends on return on day t — 1
® But what about day t =17

® By definition, there is no day t =0

® So the first density is that of t = 2

f(yaly1) = 1)exp ( 1}’22>

) 2
2m(w + ay? 2w+ ayj
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Joint ARCH(1) Densities

® The conditional likelihood, given the first observation y;, starts on day 2

T T 2

1 1 Y,
[T foelye-n) =11 exp | —5
t=2 t=2 | 1/27(w + ay? ) 2wt ay;
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ARCH(1) Likelihood Function

® The ARCH(1) log likelihood is

(=— Tz‘ log(27)

Constant
T

v?

Iog(w + ay,_?_l) + W
t—1

N =

< Back to main ML slides
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GARCH Half-Life

2 _ 2 2
oy =wtay; 1+ Bo; 4

The one-step forecast 02, = w + ay? + B2 is known at time t. For n > 2, taking
conditional expectations gives

Eclotyn] = w+ (a+ B)Eelot,, 1]
Subtract 02 = w/(1 — a — B) from both sides

Et[a%Jrn] — 0% =(a+ ﬂ)(Et[U%+n—1] - 02)
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Suppose we are interested in the forecast conditional variance E¢[0%, ]

Then
Eelo7, ] — 0 = (a+ B)" o1 — 07)

The number of periods, n*, it takes for conditional variance to revert back halfway

towards unconditional variance
1

Et["%ﬂ*] —o? = E(U%Jrl - ‘72)

So we want to solve for n* as a function of the parameters
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GARCH Half-Life (cont.)

®* So
(08" o2y — 0%) = (031 — %)
* So
log %
* _

— 14— 2/
log(ar + f3)
® And as (o + ) — 1, n* — oo, memory is infinite

n

< Back to main Memory slides
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