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Licence

® These slides are licensed under Creative Commons BY-NC-ND 4.0

(creativecommons .org/licenses/by-nc-nd/4. O)
® Non-commercial use is permitted, but not distribution of modified versions

® Material credited to a source on the slide itself is excepted and remains with its
original owner
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Roadmap

Statistical properties of market prices Practical implementation
volatility clusters, fat tails, nonlinear dependence data and Python
Volatility
univariate Vo|at|||ty Risk
multivariate Value-at-Risk, Expected Shortfall
Implementin Analytical Simulation g :

P & y Market risk regulations
risk forecasts methods for derivatives methods for derivatives

Extreme market outcomes

endogenous risk

Backtesting risk forecasts
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Why Multivariate Volatility

® In practice, we hold portfolios, not single assets

® We need to estimate not just individual volatilities, but also correlations between
assets

® These relationships are summarised in the conditional covariance matrix

e Multivariate volatility models are therefore essential for portfolio risk
management, hedging, and scenario analysis

® However, modelling many assets jointly introduces significant complexity
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What This Chapter Covers

Multivariate volatility modelling approaches
EWMA (Exponentially Weighted Moving Average)
CCC (Constant Conditional Correlation)

DCC (Dynamic Conditional Correlation)

® Factor models

Model comparison and implementation
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Notation New to This Chapter

3:; Conditional covariance matrix
yt,i Return on asset i at time t
¥t = (Ve1,---,Yek)  Vector of asset returns at time ¢
y=0a,---,¥1) Matrix of returns across assets and time
C Correlation matrix
D, Diagonal matrix of conditional volatilities
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Estimation

EWMA can be implemented directly without a specialised package
® In R we use tsmarch (Galanos 2025b), part of the tsmodels ecosystem

® Python's arch package does not support multivariate models; the Python
ecosystem for multivariate GARCH is less established than R's

For full code examples in R, Python and Julia, see
https://FinancialRiskForecasting.com/notebook/Volatility /multivariate.vol.html
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Learning Outcomes

1. Understand the key issues in forecasting the conditional covariance matrix
Know the curse of dimensionality problem

3. Recognise the importance of positive semidefiniteness of the conditional
covariance matrix

4. Derive the multivariate EWMA model

5. Derive the CCC and DCC models and recognise the strengths and weaknesses of
each

6. Understand how factor models reduce dimensionality
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Other Reading
® J6n Danielsson. 2011. Financial risk forecasting. Wiley — Chapter 3 covers
EWMA, CCC, and DCC

e Kris Boudt et al. 2019. "Multivariate GARCH Models for Large-Scale
Applications: A Survey.” In Handbook of Statistics, 42:193-254. Elsevier.

GARCH models; moderately technical, good overview of the landscape

® Carol Alexander. 2001. Market Models: A Guide to Financial Data Analysis.
Wiley — covers factor models and orthogonal GARCH; accessible and practical

® Alexios Galanos. 2025a. The tsmarch Package. Vignette for the tsmarch R package.
https://cran.r-project.org/web/packages/tsmarch /vignettes/the_tsmarch_package.ht
concise summary of multivariate GARCH models

® Robert F. Engle et al. 2021. “Fitting Vast Dimensional Time-Varying Covariance
Models." Journal of Business & Economic Statistics 39 (3): 652—668.
https://doi.org/10.1080/07350015.2019.1684295 — addresses large systems

(more than 25 assets); technically demand mg
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Multivariate Volatility
Forecasting
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From Univariate to Multivariate Volatility

® So far (Chapters 2a and 2b), we have looked at models for the volatility of a
single asset

® In practice, portfolios consist of many assets, not just one
® We need to model how each asset varies and how they move together

® Each asset's volatility may be affected by its own past, by shocks to other assets,
and by time-varying correlations

® This leads us to the conditional covariance matrix of returns
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Portfolio Variance

® Estimating 3; is the main goal of multivariate volatility modelling
® |Let w be a vector of portfolio weights

® The portfolio variance is
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Setup

e Consider the univariate volatility model:
Yt = Ot€y,

where y; are returns, o is conditional volatility and €; are random shocks

® |f there are K > 1 assets, we need to track both dates and assets:
Yt,i = Ot,i€t,i,

where the first subscript indicates the date and the second subscript the asset
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Conditional Covariance Matrix X,

® The conditional covariance between two assets i and j is indicated by:
COV(}/t,i,}/t,j) = Otjj
® In the three-asset case (note that oy jj = o4 ji):
Ot,11 Ot12 Ot13

YXi=| o0t12 0t22 0t23
0t,13 O0t23 Ot33
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The Curse of Dimensionality

e Covariance matrix has K variances and K(K — 1)/2 covariances
® Total parameters to estimate:
K(K-1
o S

® Grows quickly: 2 assets — 3 terms, 3 assets — 6 terms, 10 assets — 55 terms

This complexity makes full estimation hard as K increases
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Positive Semidefiniteness

® For univariate volatility, we need to ensure that the variance is not negative
(02> 0)
And for a portfolio

o2 =w'Sw >0

T =

¢ A covariance matrix must be positive semidefinite (PSD)

wIXw >0 VweRK

It is not easy to guarantee this in practice

Financial Risk Forecasting (© 2011-2026 Jon Danielsson - CC BY-NC-ND 4.0 - page 18 of 94
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Numerical Issues

® In a univariate GARCH model, a volatility forecast is still obtained even if
a+p>1

But the model then has no finite unconditional variance and long-horizon
forecasts explode

Multivariate models are less forgiving

® Stationarity and positive semidefiniteness must be explicitly enforced
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Numerical Issues (Cont.)

® A parameter set resulting in violation of covariance stationarity might also lead to
unpleasant numerical problems

® Numerical algorithms need to address these problems, thus complicating the
programming process considerably

® Problems with multiple local minima, flat surfaces and other pathologies discussed
in the last chapter

Financial Risk Forecasting (©) 2011-2026 Jon Danielsson - CC BY-NC-ND 4.0 - page 20 of 94
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Feasible Alternatives
® Multivariate estimation is much harder and less accurate than univariate
estimation

e All practical approaches involve simplifying assumptions and trade-offs

Covered in this chapter:
1. EWMA
2. CCC
3. DCC — perhaps most widely used for portfolios

4. Factor models — perhaps most widely used in industry risk systems

Not covered:

1. BEKK — only feasible for very small problems (K = 2, perhaps K = 3); not
taught, but a reference treatment is in the appendix

2. Composite likelihood — an estimation method, not a model

Financial Risk Forecasting (©) 2011-2026 Jon Danielsson - CC BY-NC-ND 4.0 -
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EWMA
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EWMA

J.P. Morgan (1995)

The Exponentially Weighted Moving Average (EWMA) model was introduced in
Chapter 2a for the univariate case

It places more weight on recent observations and less on older ones

In the multivariate case, EIWMA provides a simple method to estimate a
time-varying covariance matrix

Despite its simplicity, it is widely used in risk management

A practical starting point before moving to more flexible models like DCC

Financial Risk Forecasting (©) 2011-2026 Jon Danielsson - CC BY-NC-ND 4.0 - page 23 of 94
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EWMA Model

® Univariate:
Ut =Ao%_1+ (1 - )‘)Ytz—l

® A vector of returns is

yr = [yt,layt,27 s 7.yt,K]/
Kx1
® The multivariate EWMA is:
Be= A1+ (1= Aye1yiog,
with an individual element given by:

Grjj = A0e—1,jj + (1 — A)ye—1,i¥e—1,

Financial Risk Forecasting (© 2011-2026 Jon Danielsson - CC BY-NC-ND 4.0 - page 24 of 94
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QOuter vs Inner Product

® lety; = (ﬁ;) so that y{ = (ye1 ye2)

)

® The outer product y:y; gives a 2 X 2 matrix:

2
1Yt,2
Yt }4 = (ym) (Yt,l }/t,2) = ( o oLy >

2
2x1 1x2 Yt,2 Y2yl Yio

This is what the EWMA update needs — variances on the diagonal,
cross-products off it

® The inner product yy: gives a scalar:

Y1

2 2
= +
Yt,2) Y1 T V2

y{ Yr = (}/t,l }/t,z) (
1x2 2x1

® |n code, getting the orientation right matters
Financial Risk Forecasting (© 2011-2026 Jon Danielsson - CC BY-NC-ND 4.0 - page 25 of 94
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Properties

® The same weight, A, is used for all assets
® |t is pre-specified and not estimated

® Fach element of the covariance matrix depends only on its own past values and
the corresponding returns

Financial Risk Forecasting (© 2011-2026 Jon Danielsson - CC BY-NC-ND 4.0 - page 26 of 94
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Strengths of Multivariate EWMA

Straightforward implementation, even for a large number of assets

Covariance matrix is guaranteed to be positive semidefinite

Computationally light and easy to update in real time

Used in practice by many risk systems as a baseline model

Financial Risk Forecasting (© 2011-2026 Jon Danielsson - CC BY-NC-ND 4.0 - page 27 of 94
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Weaknesses of Multivariate EWMA

Simple structure — assumes the same dynamics for all assets

Single decay factor A used for all series

A is usually fixed, not estimated from data

Uses the same decay factor for all assets and pairs, with no separate correlation
dynamics

Financial Risk Forecasting (© 2011-2026 Jon Danielsson - CC BY-NC-ND 4.0 - page 28 of 94
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Constant Conditional Correlation

Models

Financial Risk Forecasting (© 2011-2026 Jon Danielsson - CC BY-NC-ND 4.0 - page 29 of 94



Intro Mult|v1r|1t9 EWMA CCC DCC chtor models Comd 19 Conunnson A|)|)9nd|x PCA BEKK L1r°e systems Bib

000 0000

Constant Conditional Correlation (CCC) Model
Bollerslev (1990)

The CCC model (Constant Conditional Correlation) is a multivariate GARCH
framework

® Assumes conditional correlations between asset returns remain constant over time

It separates volatility and correlation modelling: each asset’s volatility is modelled
individually (e.g., with its own GARCH model)

A single fixed correlation matrix captures their co-movement

<U%,1 Ut,12> (O’t,l 0) (1 PIZ) <0t,1 0)
or12 0%, 0 o¢2 pr2 1 0 o¢2

Vv vV
3l; varies D; varies C fixed D; varies
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Constant Conditional Correlation (CCC) Model (cont.)

® By keeping the correlation matrix fixed, the CCC model is much simpler to
estimate (fewer parameters) and easier to implement than models with
time-varying correlations

® A baseline for multivariate volatility analysis when correlations are believed to be
stable

® Also provides a benchmark for evaluating more advanced models that allow
time-varying correlations (like DCC)
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Setup and Definitions

Et:DtXCXDt

® De-mean returns before estimation

® Let D; be a diagonal matrix of conditional volatilities
Dt,ii:Ut,i; i = 1,...,K
Dt,ij = Oa i #./
® et C be the constant conditional correlation matrix
® Two-step procedure:
1. Estimate D; using univariate GARCH
2. Estimate C from the standardised residuals
® Then combine them to get the conditional covariance matrix, X

Financial Risk Forecasting (©) 2011-2026 Jon Danielsson - CC BY-NC-ND 4.0 - page 32 of 94
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Step 1. Conditional Variance — D;

® Use univariate GARCH (or some method) to estimate the variance of each asset
separately, perhaps
2 2 2
Ot =Witajyi_1;+ 5i0t—1,i

® Note the parameters will be different for each asset

® D, is then created by putting these into the diagonal elements

Dt7,',':O't7,', I:1,...,K

Financial Risk Forecasting (© 2011-2026 Jon Danielsson - CC BY-NC-ND 4.0 - page 33 of 94
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Step 2. Residuals and Correlations

From Step 1 we have the fitted volatility 6 ; for each asset

The standardised residuals remove the time-varying volatility:

A Y
€ti— ~
Ot,i

)

If the GARCH model is correctly specified, €;; should be approximately i.i.d. with
mean zero and variance one

The correlations among these residuals reveal the co-movement structure between
assets, stripped of individual volatility dynamics
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Step 2. Correlation Matrix — C

® |n vector form, the residuals at time t are
~ A—1
€& =Dy ye
Kx1
e Stacking across all T dates gives the K x T matrix €
® Since the residuals have approximately mean zero and variance one, their

covariance matrix is approximately the correlation matrix:

Anf

€ = Cov(é) = %

Financial Risk Forecasting (© 2011-2026 Jon Danielsson - CC BY-NC-ND 4.0 - page 35 of 94
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Constant Conditional Correlations (CCC)

® We now have the constant matrix € and the time-varying matrix D,

® Combine these two to create the conditional covariance matrix

2!’ - ﬁtéﬁt
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Pros

1. Guarantees the positive semidefiniteness of $.ifCis positive semidefinite, as it is
by construction

2. Simple model, easy to implement

3. Since matrix D; has only diagonal elements, each univariate GARCH model can
be estimated independently, simplifying computation

Financial Risk Forecasting (©) 2011-2026 Jon Danielsson - CC BY-NC-ND 4.0 - page 37 of 94
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Cons

1. Correlations are time-varying in practice, especially during crises, and dependence
can be nonlinear (see Chapter 1) — CCC cannot capture this

2. A fixed correlation matrix may misspecify the joint distribution, leading to poor
portfolio VaR estimates (see next chapters)

3. Performs poorly for heterogeneous assets (e.g., equities, bonds, commodities)
where correlation dynamics differ across asset classes
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Dynamic Conditional Correlation

Models

Financial Risk Forecasting (© 2011-2026 Jon Danielsson - CC BY-NC-ND 4.0 - page 39 of 94
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From CCC to DCC
Engle (2002)

CCC assumes constant correlations, but in practice correlations change —
especially during crises
® DCC extends CCC by letting the correlation matrix C; be time-varying
¢ Univariate GARCH models still handle individual volatilities (Step 1 is the same as
CCQO)
Be alert to C (the constant conditional correlation matrix from CCC) vs C;
(conditional, time-varying)
DCC is widely used for portfolio risk, hedging and contagion analysis

<‘7%,1 Ut,12> (Ut,l 0> (1 pt,12) <0t,1 0)
Or12 0% 0 ot priz 1 0 o¢p

ﬁ)t varies D; varies C: now varies D; varies
Financial Risk Forecasting (©) 2011-2026 Jon Danielsson - CC BY-NC-ND 4.0 - page 40 of 94
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Correlation Matrix Requirements

® A valid correlation matrix C; must be:
® Positive semidefinite
® Elements between —1 and 1
® Diagonal elements equal to one

1
Ci=|pt12 1
pt13 pr23 1

Only the lower triangle is shown, the upper follows by symmetry
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Why We Cannot Model C; Directly

® \We want the correlations to move over time

The obvious approach is a GARCH-like recursion on C; itself

But nothing in such a recursion keeps the diagonal at one, or the off-diagonal
elements inside [—1, 1]

So the requirements on the previous slide would be violated

DCC gets around this in two steps

1. Update an auxiliary matrix Q;, which need only stay positive semidefinite
2. Rescale Q; with a matrix Z; that ensures the diagonal is one

Ct:ZtXQtXZt

Financial Risk Forecasting (©) 2011-2026 Jon Danielsson - CC BY-NC-ND 4.0 -
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Modelling the Correlation Dynamics — Q:

Initialise with the constant correlation matrix from CCC, Q = ¢

Then, for each t > 1:

Q=(1-C¢C—&C+Cé 18 1 +EQr1

Three terms, each with its own weight
® (1—(¢—¢)on the long-run average €, which stops Q, drifting away from it
® ( on the most recent shock
® ¢ on the previous value of Q;

Just as GARCH does for variance, Q; responds to recent surprises and gradually
adapts

For @; to stay positive semidefinite we need (,£ > 0and (+£ < 1
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From Q; to C;

® Q; is positive semidefinite but not a valid correlation matrix — its diagonal
elements are not one

® Rescale with the diagonal matrix Z;, where q; ;i are the diagonal elements of Q;:

1/\/qr11 0 e 0
0 1/ /qt722 “e 0

Zt:

0 0 1/\/Grkk
® The valid correlation matrix is then:

Ct = ZtQtZt
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Estimating the DCC Model

e DCC estimation proceeds in two stages:
Stage 1 Estimate individual GARCH models for each asset to obtain & ; and
standardised residuals €;; = y;,i/6+,i
Stage 2 Given the Stage 1 estimates, estimate ¢ and £ by maximising the
correlation component of the Gaussian log-likelihood over the
standardised residuals
® This two-stage approach is computationally efficient — Stage 1 involves K
univariate optimisations, and Stage 2 optimises over only two parameters

® The trade-off is some loss of efficiency compared to joint estimation

Financial Risk Forecasting (©) 2011-2026 Jon Danielsson - CC BY-NC-ND 4.0 -
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Pros

1. Scalable — estimates large conditional covariance matrices with only two extra
parameters (¢, &) beyond the univariate GARCH models

2. Retains univariate GARCH for volatilities and adds only two dynamic correlation
parameters beyond the univariate volatility models — though the correlation
target still has O(K?) estimated entries, so it does not scale to very large systems

3. Widely used in empirical finance for portfolio risk, hedging and contagion
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Cons

1. Same parameters ¢ and & for all asset pairs — all pairs share the same response
coefficients

2. Unrealistic for heterogeneous portfolios where different asset classes have different
correlation dynamics

3. More advanced models have been proposed to address these issues
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Factor Models for
Multivariate Volatility
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Factor Models

A factor is a common driver of returns — something that moves many assets at
once (e.g., the market, interest rates, oil prices)

A factor loading measures how sensitive an asset is to a factor

If a small number of factors explains most co-movement, we do not need to
estimate the full covariance matrix

Factors are the standard language of investment management — portfolio
construction, performance attribution and hedging are all expressed as factor
exposures

Quantitative trading strategies are often built on factors rather than on individual
assets
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Example: Why Stocks Move Together

® When the market drops 5%, most stocks drop too — some more, some less
® This shared movement comes from common factors

® Once you account for the factors, what remains — the idiosyncratic part — is
largely uncorrelated across stocks

® So the covariance matrix of 500 stocks is mostly determined by a few factor
variances and the loadings on them, rather than by every pairwise covariance
separately
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The Factor Model

A small number of factors, m < K

Asset returns are
yi = A X g + e
Kx1 Kxm  mx1 Kx1
® where
® A is the matrix of factor loadings, how sensitive each asset is to each factor

® g; is the vector of factor returns
® e; is the vector of idiosyncratic shocks, what the factors do not explain

Where A and g; come from is taken up later in this section

® ¢; is not obtained separately, it is the residual

e=yr—AXxg;
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What the Model Assumes

The idiosyncratic shocks are uncorrelated across assets

¢ And uncorrelated with the factors, Cov(g:,e:) =0

So every source of co-movement between two assets runs through the factors

This is what makes the covariance decomposition on the next slide work, and it is
the assumption that fails if the factors are misspecified
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Covariance Decomposition

Take the variance of both sides of y; = Ag; + e;
Et:AXEg’tXA,—i—\IIt

® There is no cross term because Cov(g:, e;) =0

Y.t is the m x m covariance matrix of the factor returns

W, is the covariance matrix of e;, diagonal because the idiosyncratic shocks are
uncorrelated across assets

So the first term carries all the co-movement, and W, the asset-specific risk
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Why This Helps

® Full covariance matrix: K(K + 1)/2 parameters
® Factor model: Km+ m(m + 1)/2 4+ K parameters

® Km factor loadings
® m(m+1)/2 entries in Xg
® K idiosyncratic variances

® For K =500 and m = 5: full model needs 125,250 parameters, factor model
needs 3,015 — about a 42-fold reduction

* Positive semidefiniteness is automatic: AXgA’ is PSD if 3 is PSD, and adding
a non-negative diagonal W preserves this
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Where Do the Factors Come From?

® There are two main approaches to obtaining factors

1. Fundamental/observable factors — chosen based on economic reasoning
2. Statistical factors — extracted from data using PCA
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Fundamental Factors

® Factors are chosen based on economic reasoning

® Two workflows, depending on what is observed
® Characteristic factors (industry membership, market capitalisation, value,
momentum) — the loadings are the observed characteristics, and factor returns are
estimated by cross-sectional regression each period; this is what most commercial

risk models use
® Macroeconomic or traded factors (interest rates, inflation, market indices) — factor

returns are observed, and loadings are estimated by time-series regression
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The Idea Behind PCA

® We want the factors to explain as much of the return variation as possible
® Total variance is fixed, so the more a component explains, the less is left in e;

® The first principal component is therefore the weighted combination of assets
whose weights maximise the variance

max v'3v subject to viv=1
v
® The second solves the same problem again, restricted to weights giving a
combination uncorrelated with the first, the third is uncorrelated with both, and
so on

® There are K components in all, each explaining less of the variance than the one
before

® The weights are the factor loadings, and they come from the eigen-decomposition
of 3 — eigenvectors give the weights, eigenvalues the variances explained, derived
in the
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Estimating X ;

® The covariance decomposition needs a model for 3 ;, the covariance matrix of
the factors themselves
® How much work that is depends on where the factors came from

® PCA factors are uncorrelated in the sample the eigen-decomposition was run on, but
that is the unconditional covariance — 3+ can still move off the diagonal, so m
univariate GARCH models are enough only if we additionally assume it does not

® Fundamental factors are generally correlated, so 3, ; needs a multivariate model

® Either way the multivariate problem is m-dimensional rather than K-dimensional
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Pros

1. Scales to very large systems — thousands or millions of positions
PSD is automatic by construction

3. Modular — can update individual factors or loadings without re-estimating the
entire system

4. Most widely used approach in commercial risk platforms
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Cons

. Factor structure is an assumption — misspecified if the covariance matrix is not
well approximated by a low-rank structure

. Choosing m matters — too few factors lose information, too many reintroduce
dimensionality problems

. Idiosyncratic terms may not be truly uncorrelated in practice

4. Factor loadings may be unstable over time, especially across regimes

. Statistical factors (PCA) lack economic interpretation, while fundamental factors
require judgement about which to include
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Covid-19
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Multivariate Volatility Analysis

® Pick seven stocks

Some that did quite well in the crisis

Others that performed really badly

And yet others that performed about average

Use DCC to get the conditional correlations

® Normalise the prices of all to start at one at the beginning of the sample
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Normalised Prices (Starting at One)

ATVI
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Amazon

® Amazon prices jumped by 7.4% at the end of January
® Because of really good fourth-quarter results

® Note how that affects the conditional correlations
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Pairwise Correlations
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Estimation Comparison

JPM and XOM
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Comparing the Estimates

Two stocks with quite different exposures — JPM, a bank, and XOM, an oil major

® Their correlation averages 41 % over the sample, but moves a great deal around
that
® We estimate it two ways

® EWMA with A = 0.94, which has a fixed decay and no long-run level to return to
° QCC with GARCH(1,1) volatilities, which pulls back towards the average correlation
(o

Then four episodes, to see where the two disagree

Financial Risk Forecasting (©) 2011-2026 Jon Danielsson - CC BY-NC-ND 4.0 - page 68 of 94



Covid-19 Comparison Appendix PCA BEKK Large systems Bib

Intro Multivariate EWMA  CCC DCC Factor models
00O 0000 000000000 O

00000000 0000000000 0000000 0000000000 OOO0O000000 OOO00O00000000 0OO00O00 O0e000000 O

Prices
0004 — JPM
—— XOM

)00

500

I I I
2000 2010 2020

Financial Risk Forecasting (© 2011-2026 Jon Danielsson - CC BY-NC-ND 4.0 - page 69 of 94



Intro Multivariate EWMA  CCC DCC Factor models Covid-19 Comparison Appendix PCA BEKK Large systems Bib
00000000 0000000000 0000000 OOO0000000 000000000 0OOO000000000 OO0000 OOO800000 O 000 0000 000000000 O

Returns

JPM

I I I
2000 2010 2020
XOM

I I I
2000 2010 2020

Financial Risk Forecasting (© 2011-2026 Jon Danielsson - CC BY-NC-ND 4.0 - page 70 of 94



Intro Multivariate EWMA  CCC DCC Factor models Covid-19 Comparison Appendix PCA BEKK Large systems Bib
00000000 0000000000 OOOOOO0O OOOOO00000 000000000 0OO0000000000 0O0000 OOCO®0000 O 00O 0000 000000000 O

Correlation Estimates
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Correlation Estimates
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Correlations — 2008 Cirisis
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Correlations — 2014-16 Oil Crash
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Correlations — Covid-19
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Appendix: PCA Mathematics, BEKK
and Hierarchical Covariance Models
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Eigenvalues and Eigenvectors

® For a square matrix X, a vector v # 0 and a scalar A satisfying
Sv=J\v

are an eigenvector and its eigenvalue
® Multiplying by X leaves the direction of v unchanged and only rescales it, by A

® A covariance matrix is symmetric and positive semidefinite, so it has K real,
non-negative eigenvalues, and eigenvectors that are mutually orthogonal
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Why the Eigenvectors Solve the PCA Problem

The first component maximises v'3v subject to v/v =1

Form the Lagrangian, with multiplier A for the constraint

L=VvZv-AVv-1)

Differentiating with respect to v and setting to zero gives

2Yv—-2\v =0 — v =J\v

So any solution is an eigenvector of X
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Which Eigenvector, and What the Eigenvalue Means

® At a solution the variance achieved is
Vv =vIiv=)\

® So the variance explained by a component is exactly its eigenvalue

® The first component is therefore the eigenvector with the largest eigenvalue, the
second the next largest, and so on

® Because the eigenvectors are orthogonal, the resulting components are
uncorrelated, which is what lets 3 ; be treated as diagonal

® The eigenvalues sum to the total variance, so \;/ ZJ- A;j is the share explained by
component |

Financial Risk Forecasting (©) 2011-2026 Jon Danielsson - CC BY-NC-ND 4.0 - page 79 of 94



Intro Multivariate EWMA CCC DCC Factor models Covid-19 Comparison Appendix PCA BEKK Large systems Bib
00000000 0000000000 0000000 OOO0000000 000000000 0OO0000000000 OO0000 O0O000000 O 000 @000 000000000 O

The BEKK Model

Engle and Kroner (1995)

An alternative to the CCC and DCC models

The matrix of conditional covariances is X

A function of the outer product of lagged returns and lagged conditional
covariances

Each pre-multiplied and post-multiplied by a parameter matrix

Results in a quadratic function that is guaranteed to be positive semidefinite
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The BEKK(1,1) Model

® The two-asset, one-lag BEKK(1,1) model is defined as:
Et = QQ/ + A,)/t—ly271A + B,Et_lB

5, — < Ot11 Ot12 ) _ < wir O > ( wir O )I
Ot12 Ot22 W21 w22 W21 W22
/ 2
+< Q11 Q12 > ( Yi—11 thl,ZIthl,2 ) < a11 Q12 >
Q1 Q2 Yt—-12Yt-111 Yi—1.2 Qo1 Q22

n < P11 B2 >,< Ot-111 Ot-1,12 > ( B11 B2 )
B21 B2 Ot-112 Ot—122 Bo1 B2

or:
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The General BEKK Model

® The general BEKK(Ly, Lp) model is given by:

L1 L2
=09 +> Ay iyl A+ BT ;B
i=1 j=1
® The number of parameters in the BEKK(1,1) model is K(5K + 1)/2

® 11 in two asset case
® 24 in three asset case
® 42 in four asset case
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Pros and Cons

Pros e Allows for interactions between different asset returns and volatilities
Relatively parsimonious

Cons @ Parameters hard to interpret

Many parameters are often found to be statistically insignificant,
which suggests the model may be overparametrised

Can only handle a small number of assets
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Large Problems — Hierarchical
Approach
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The Limits of DCC in Large Systems

® The DCC model is efficient for moderate numbers of assets — but it doesn't scale
well to very large systems

® A medium-sized financial institution might track hundreds of thousands of risk
factors — across geographies, asset classes and business lines

® Estimating a full covariance matrix across all of these using DCC becomes
infeasible

o Why?

® The correlation-targeting matrix has O(K?) entries, and the likelihood inverts a
K x K matrix at every date

® Estimates of the two DCC parameters become badly biased in large systems
® A single correlation structure across all assets is too restrictive

® We need a more structured approach to cope with this complexity
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A Hierarchical Solution

® |nstead of treating all assets as a single block, we can break them into meaningful
groups

® Example groups: by region, by asset class, or by business unit

e Within each group, we can estimate volatility and correlation using a model like
DCC or even simpler alternatives

® Then, we combine group-level outputs to construct the institution-wide covariance
matrix

® This approach:

® Reduces dimensionality
® Captures local structure more accurately
® Respects organisational boundaries
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Example: Hierarchical Structure

A large institution can be broken into logical subgroups for tractable modelling

This tree shows an example hierarchy based on geography and asset class

Each node can be modelled independently, and risks aggregated hierarchically

® We aim to estimate volatility and correlation within and across these groupings
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Example: Tree Representation

Bonds
US —— Commodities
S&P 100
Equities
S&P 400 Mid Cap
Bonds

Brazil

T Equities
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Simplifying the Problem

Suppose you are willing to assume a single correlation between all Brazilian assets
and all US assets

And you are willing to assume that the correlation between US bonds and US
equities is the same for all bonds and equities

And you are willing to assume that the correlation between US large-cap and
mid-cap stocks is the same for all stocks

Then it is easy to calculate the covariance matrix for the entire bank, provided the
correlations chosen are jointly feasible

Use perhaps DCC for US mid caps and other portfolios

And combine them by the constant correlation
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Consider an Example

Covid-19 Comparison

2 2 2
OE 0B O

2
0B

where red is US, blue is Brazil, E denotes Equity and B Bond
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Individual covariance matrices of your securities can be combined into a covariance

matrix for the entire financial institution:

2
%E

COVE,B 2

COVE7EC0VB’E 2

COVB,BCOVE,B
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Advantages of the Hierarchical Approach

® Scalability — efficient even with large numbers of assets

® Dimensionality reduction — transforms one large multivariate problem into a
series of smaller multivariate problems

Interpretability — clear link between groups and risk sources

Modularity — supports different models for different segments

Ease of updating — local model changes do not require global recalibration
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Limitations of the Hierarchical Approach

Loss of nuance — group-level simplifications may mask important relationships

Positive semidefiniteness — not automatic; the assembled matrix must be built
with a PSD-preserving structure (e.g. a nested factor model) or validated and
projected after assembly

Model risk — strong structural assumptions may not hold in crises

Static structure — if group definitions are fixed, model flexibility is constrained
over time — grouping may become misaligned with real-world dynamics

Sensitivity — the method can be affected by unusual observations or changes in
the structure of the data over time

Limited cross-group dynamics — interactions across segments may be
underrepresented
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