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Book and slides

• Updated versions of the slides can be
downloaded from the book web page
FinancialRiskForecasting.com
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Licence

• These slides are licensed under Creative Commons BY-NC-ND 4.0
(creativecommons.org/licenses/by-nc-nd/4.0)

• Non-commercial use is permitted, but not distribution of modified versions

• Material credited to a source on the slide itself is excepted and remains with its
original owner
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Risk Measures
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Roadmap
Statistical properties of market prices

volatility clusters, fat tails, nonlinear dependence

Volatility
multivariate

Volatility
univariate Risk

Value-at-Risk, Expected Shortfall

Implementing
risk forecasts

Analytical
methods for derivatives

Simulation
methods for derivatives

Backtesting risk forecasts

Market risk regulations

Extreme market outcomes
endogenous risk

Practical implementation
data and Python
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The Focus of This Chapter

• Defining and measuring risk
• Volatility
• Value-at-Risk (VaR)
• Expected Shortfall (ES)

• Theoretical issues
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Notation New to This Chapter

p Probability
ρ Correlation coefficient

qt = ϑt−1Rt Profit and loss
c A constant

A, B and C Refer to different assets
ϕ(·) Risk measure

ϑ Portfolio value
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Learning Outcomes

1. Recognise why risk is a latent variable

2. Understand why no single risk measure can be correct

3. Assess the strengths and weaknesses of volatility as a risk measure

4. Derive Value-at-Risk and know its main theoretical strengths and weaknesses

5. Apply the axioms of coherence and determine whether a given measure satisfies
them

6. Explain how VaR can be manipulated

7. Derive expected shortfall and know its main theoretical strengths and weaknesses



Financial Risk Forecasting © 2011-2026 Jon Danielsson · CC BY-NC-ND 4.0 · page 9 of 96

Intro Risk Value–at–Risk Issues Coherence Manipulation ES Conclusion Bib

Other Reading

• Chapter 4 in Jón Dańıelsson. 2011. Financial risk forecasting. Wiley — accessible,
covers VaR and ES derivations

• P. Artzner et al. 1999. “Coherent Measures of Risk.” Mathematical Finance 9 (3):
203–228 — the foundational paper defining coherent risk measures; moderately
technical, essential reading for understanding the axiomatic framework

• Chapters 2 and 8 in Alexander J. McNeil, Rüdiger Frey, and Paul Embrechts.
2015. Quantitative Risk Management: Concepts, Techniques and Tools. Revised.
Princeton University Press — the standard graduate reference on risk measures,
coherence, and ES; more technical
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Understanding Financial Risk
Beyond Volatility
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Why Risk Matters

• Risk is central to every financial decision — from trading to regulation

• But defining and measuring risk is far from straightforward

• Investors, regulators, and academics often use different risk concepts

• Risk also cannot be measured directly, it has to be inferred from the behaviour of
observed market prices

• At the end of a trading day, the return of the day is known while the risk is unknown

• This section explores what risk is and how we might begin to quantify it



Financial Risk Forecasting © 2011-2026 Jon Danielsson · CC BY-NC-ND 4.0 · page 12 of 96

Intro Risk Value–at–Risk Issues Coherence Manipulation ES Conclusion Bib

General Definition

• No universal definition of what constitutes risk

• On a very general level, financial risk could be defined as “the chance of losing a
part or all of an investment”

• Large number of such statements could equally be made, many of which would be
contradictory
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The Mean-Variance Model
Markowitz (1952)

• The mean-variance model is a foundational framework for portfolio selection

• Investors seek to maximise expected return for a given level of risk, or minimise
risk for a given level of return

• Risk is measured by the portfolio variance:

σ2
π
= w

′
Σw

• Return is measured by the portfolio mean:

µπ = w
′
µ

• The set of optimal portfolios forms the efficient frontier
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Efficient Frontier (made up numbers)
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Which Asset Do You Prefer?
All three assets have volatility one and mean zero

0 20 40 60 80 100

−4%

−2%

0%

2%

A



Financial Risk Forecasting © 2011-2026 Jon Danielsson · CC BY-NC-ND 4.0 · page 15 of 96

Intro Risk Value–at–Risk Issues Coherence Manipulation ES Conclusion Bib

Which Asset Do You Prefer?
All three assets have volatility one and mean zero

0 20 40 60 80 100

−4%

−2%

0%

2%

A

0 20 40 60 80 100

−4%

−2%

0%

2%

B



Financial Risk Forecasting © 2011-2026 Jon Danielsson · CC BY-NC-ND 4.0 · page 15 of 96

Intro Risk Value–at–Risk Issues Coherence Manipulation ES Conclusion Bib

Which Asset Do You Prefer?
All three assets have volatility one and mean zero

0 20 40 60 80 100

−4%

−2%

0%

2%

A

0 20 40 60 80 100

−4%

−2%

0%

2%

B

0 20 40 60 80 100

−4%

−2%

0%

2%

C



Financial Risk Forecasting © 2011-2026 Jon Danielsson · CC BY-NC-ND 4.0 · page 16 of 96

Intro Risk Value–at–Risk Issues Coherence Manipulation ES Conclusion Bib

Which Asset Is Preferred by MV?

• Standard mean-variance analysis indicates that all three assets are equally risky
and equally preferred

• Since we have the same mean

E(A) = E(B) = E(C ) = 0

• And the same volatility
σA = σB = σC = 1

• If one uses mean-variance analysis, one is indifferent between all three
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Which Asset Do You Prefer? (Cont.)

• If, however, one asks anybody which asset they would prefer, they probably would
have a personal preference for one

• A trader investing someone else’s money is likely to prefer C . Why?

• The most popular speculative financial asset in the world is inverted C – lottery
tickets
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So What Happened?

• The mean variance model comes with a set of assumptions that are beneficial for
creating a practical investment model

• But at the same time it is inconsistent with people’s risk preference

• Often that is not important

• But sometimes it is

• Recall “all models are wrong, some models are useful” (Box 1976)
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Mean A = 1/3, Mean B = 2/3, Mean C = 1

0 20 40 60 80 100

−4%

−2%

0%

2%

A

0 20 40 60 80 100

−4%

−2%

0%

2%

B

0 20 40 60 80 100

−4%

−2%

0%

2%

C



Financial Risk Forecasting © 2011-2026 Jon Danielsson · CC BY-NC-ND 4.0 · page 20 of 96

Intro Risk Value–at–Risk Issues Coherence Manipulation ES Conclusion Bib

Now the Preferences Change

• Because all three assets still have the same volatility

• But the mean of C is highest, mean variance tells us to pick C

• However, most people would pick one of these using some criteria private to them
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Three Investment Choices

• Suppose Yiying, Alvaro, and Mary all have the same amount of money to invest

• All have access to the same investment technology (All have taken this course)

• All are contemplating how to invest $1 million

Yiying is a day trader, aiming to buy and sell within a week
Alvaro is a fund manager, and his bonuses depend on quarterly performance
Mary is 22 years old, planning to retire in 40 years and expects to die in 70

years. She is saving for her pension that needs to be available when she’s
90 years old and far from able to manage her own money
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Their Choices

• While faced with same technology, their preferences are different

• And consequently they will evaluate the three investment choices A, B , C
differently

• Mary will unequivocally pick C

• It’s quite possible Yiying does as well because she would not be a day trader if she
didn’t like risk

• Alvaro would pick A or B , probably the latter
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Which Asset Is “Better”?

• There is no obvious way to discriminate between the assets

• One can try to model the underlying distribution of market prices and returns of
assets, but it is generally unknown.

• Can identify by maximum likelihood methods
• Or test the distribution against other distributions by using methods such as the

Kolmogorov-Smirnov test

• Practically, it is impossible to accurately identify the distribution of financial
returns

• This motivates the need for risk measures that go beyond the mean and variance
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Risk Measure and Risk Measurement

Risk measure: a mathematical concept of risk

Risk measurement: a number that captures risk, obtained by applying data to a risk
measure
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Volatility as a Risk Measure

• Volatility is the standard deviation of returns

• Main measure of risk in most financial analysis

• It is a sufficient measure of risk when returns are normally distributed and the
mean is given

• For this reason, in mean-variance analysis, the efficient frontier shows the best
investment decision

• If returns are not normally distributed, mean and variance no longer describe the
distribution, and a portfolio on the efficient frontier need not be best for an investor
who cares about skewness or tail risk

• An assumption of normality of returns is violated for most, if not all financial
returns

• See Chapter 1 on the non-normality of returns

• For most applications in financial risk, volatility is likely to systematically
underestimate risk



Financial Risk Forecasting © 2011-2026 Jon Danielsson · CC BY-NC-ND 4.0 · page 26 of 96

Intro Risk Value–at–Risk Issues Coherence Manipulation ES Conclusion Bib

Where Next?

• We now explore formal risk measures: Value-at-Risk and Expected Shortfall

• These offer ways to quantify tail risk and are used in both theory and regulation
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Value-at-Risk (VaR)
Quantifying Potential Losses
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History

• Until the early 1990s, volatility was the dominant risk measure in practice

• JP Morgan’s RiskMetrics initiative popularised VaR and made it an industry
standard; earlier antecedents include the safety-first criterion (Roy 1952)

• Why would JP Morgan do that? To be able to reduce its level of capital
(Dańıelsson 2022)

• It used to be called the 4:15 report because the chairman of the bank wanted a
single measurement of the bank’s risk in time for the treasury meeting at 4:15
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Why VaR?
J.P. Morgan (1995)

• Investors and regulators want a single number summarising downside risk

• VaR provides a clear answer to: “What loss threshold is exceeded with probability
p?”

• It became the standard measure in financial institutions after JP Morgan’s
RiskMetrics initiative

• Widely used in risk reports, capital allocation, and regulation

• Regulation is discussed in Chapter 11
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Value-at-Risk

Definition (Value-at-Risk)

The loss on a trading portfolio such that there is a probability p of losses equalling or
exceeding VaR in a given trading period and a (1− p) probability of losses being lower
than the VaR.

• The most common risk measure after volatility

• It is distribution independent in theory, but not in practice



Financial Risk Forecasting © 2011-2026 Jon Danielsson · CC BY-NC-ND 4.0 · page 31 of 96

Intro Risk Value–at–Risk Issues Coherence Manipulation ES Conclusion Bib

Terminology and Conventions

• q — profit and loss of the portfolio

• ϑ — portfolio value

• VaR can be reported as a positive number (a loss) or a negative number (a P&L
outcome)

• We treat VaR as a positive number representing the size of the loss

• Two probability conventions exist, tail probability p (e.g. 5%) or confidence level
1− p (e.g. 95%)

• We use tail probability throughout, VaR(p) with small p
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Quantiles and Profit and Loss (q)

• q represents the profit and loss of a position or portfolio

• VaR is a quantile on the distribution of profit and loss (q)

• In the case of holding one unit of an asset, we have

qt = Pt − Pt−1

• More generally, if the portfolio value is ϑ:

qt = ϑt−1Rt = ϑt−1
Pt − Pt−1

Pt−1

• That is, the q is the portfolio value (ϑt−1) multiplied by the returns
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VaR Graphically — Density of Profit and Loss
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VaR Graphically — Density Zoomed In
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VaR Graphically — Cumulative Distribution
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VaR Graphically — Cumulative Distribution Zoomed In
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VaR and the Profit and Loss Density

• The density of q is denoted by f (·), then VaR is given by:

P[q ≤ −VaR(p)] = p

or,

p =

∫
−VaR(p)

−∞

f (x)dx

• For continuous P&L distributions; the discrete case was covered with the definition

• We usually write it as VaR(p) or VaR100×p%

- For example, VaR(0.05) or VaR5%
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Sign of VaR

−VaR5%

µ = 0

p = 5%

q

• −VaR5% lies to the left of zero, so the loss is a genuine loss
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Sign of VaR — A Larger Mean

−VaR5%

µ = 2.5

q

• The mean of the P&L
density is now larger

• The p quantile has crossed
to the other side of zero, so
−VaR(p) is positive and
the relevant losses have
become profits

• We then either specify a
more extreme p or use a
different measure of risk
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Example

• The commodities trading book is worth £1 billion and daily VaR1%=£10 million

• This means we expect to lose £10 million or more on about 1% of trading days
under the model
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The Three Steps in VaR Calculations

1. The probability of losses exceeding VaR, p

2. The holding period, the time period over which losses may occur

3. The probability distribution of the P&L of the portfolio
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Which Probability Should We Use?

• VaR levels of 1% to 5% are very common in practice

• The 1996 Market Risk Amendment, carried into Basel II, required 10-day 99%
VaR (i.e. p = 1%) (Basel Committee on Banking Supervision 1996)

• But less extreme numbers, such as 10%, are often used in risk management on
the trading floor

• More extreme lower numbers, such as 0.1%, may be used for applications like
economic capital or pension fund risk analysis, but are generally not recommended
due to estimation difficulty
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Which Holding Period Should We Use?

• Daily is by far the most common

• Shorter periods are used on the trading floor, down to one hour or even 10 minutes

• Basel requires 10 days for market risk

• Institutional investors and nonfinancial corporations would prefer months or longer

• Long holding periods are hard to estimate because the effective sample shrinks in
proportion — 10 days needs about 3,000 trading days, or 12 years

• Getting from short horizons to long ones is the subject of Chapter 5
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Probability Distribution of Profit and Loss (P&L)

• The identification of the probability distribution is difficult

• The standard practice is to estimate the distribution by using past observations
and a statistical model

• We will use EWMA and GARCH later
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VaR and Normality

• VaR does not imply normality of returns and we can use any distribution in
calculating VaR

• Even if I am often surprised by people who assume it does

• However, the most common distribution assumption for returns in the calculation
of VaR is conditional normality
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VaR Summary

• VaR estimates the loss threshold exceeded with probability p over a given time
horizon

• Depends on: probability level p, holding period, and the assumed return
distribution

• Useful but has weaknesses — ignores tail severity and lacks coherence (more on
this later)

• Basis for more advanced measures like Expected Shortfall
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Issues in Applying VaR
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Main Issues in the Implementation of VaR

1. VaR is only a quantile on the profit/loss distribution

2. VaR is not a coherent risk measure

3. VaR is easy to manipulate
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VaR Ignores the Tail Beyond the Threshold — Is Only a Quantile

• VaR gives the “best of worst case scenarios” and, as such, it fails to capture the
magnitude of losses beyond its threshold

• That is, VaR(p) is incapable of capturing the risk of extreme movements that
have a probability of less than p

• If VaR=$1,000, are potential losses $1,001 or $10,000,000?

• The shape of the tail before and after VaR need not have any bearing on the
actual VaR number
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VaR in Unusual Cases — Two Modes

−VaR5% 0

q

f (q)
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VaR in Unusual Cases — Uniform
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VaR in Unusual Cases — Very Fat Left Tail
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VaR in Unusual Cases — A Sharp Peak
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Ideal Properties of Risk Measures
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Ideal Properties of a Risk Measure
Artzner et al. (1999)

• A coherent risk measure satisfies four key properties:

1. Monotonicity — taking on more risk is not safer
2. Translation invariance — adding cash reduces risk
3. Positive homogeneity — doubling the position should double the risk
4. Subadditivity — diversification should not increase risk

• These properties encourage sensible behaviour in practice
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Coherence

• Suppose we have two assets, A and B

• Denote some arbitrary risk measure by ϕ(·); it could be volatility, VaR, or
something else

• ϕ(·) is then some function that maps some observations of an asset, like A, onto
a risk measurement

• Further define some arbitrary constant c

• We say that ϕ(·) is a coherent risk measure if it satisfies the following four
axioms:

1. Monotonicity
2. Translation invariance
3. Positive homogeneity
4. Subadditivity
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Monotonicity

• If A ≤ B in every possible outcome

• And
ϕ(A) ≥ ϕ(B)

• Then risk measure ϕ satisfies monotonicity

• What this means is that if outcomes for asset A are always more negative than
outcomes for B

• Suppose A and B are daily returns on AMZN and GOOG, and the returns on GOOG
are always higher than for AMZN, then GOOG risk is lower than that of AMZN

• Then the risk of B should never exceed the risk of A

• This is perfectly reasonable and should always hold
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Translation Invariance

• If
ϕ(A+ c) = ϕ(A)− c

• Then risk measure ϕ satisfies translation invariance

• In other words, if we add a sure cash amount c to a position, the risk decreases by
c

• This is perfectly reasonable and should always hold

0−1−2−3−4−5−6−7−8 1 2 3

c
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Positive Homogeneity

• If c > 0 and
ϕ(cA) = cϕ(A)

• Then risk measure ϕ satisfies positive homogeneity

• Positive homogeneity means risk is directly proportional to the value of the
portfolio

• For example, if a portfolio is worth $1,000 with risk $10, then doubling the
portfolio size to $2,000 doubles the risk to $20
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Positive Homogeneity (Cont.)

• As the position grows large relative to market depth, risk may increase more
rapidly than position size

• In this case, positive homogeneity is violated for c > 1

ϕ(cA) > cϕ(A)

• This is because the price falls while we are selling, so the eventual selling price is
lower than the initial market price

• See Chapter 5 and Chapter 10 (Endogenous risk)
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Subadditivity

• If
ϕ(A+ B) ≤ ϕ(A) + ϕ(B)

• Then risk measure ϕ satisfies subadditivity

• Subadditivity means a portfolio of assets is measured as no riskier than the sum of
the risks of individual assets

• That is, diversification does not increase risk
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Volatility Is Subadditive

• Recall how portfolio variance is calculated when we have two assets

• And suppose we have no shorts

• A and B , with volatilities σA and σB , respectively, correlation coefficient ρ and
portfolio weights wA and wB

• The portfolio variance is:

σ2
π
= w2

Aσ
2
A + w2

Bσ
2
B + 2wAwBρσAσB
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Volatility Is Subadditive (Cont.)

• Rewriting, we get

σ2
π
= (wAσA + wBσB)

2 − 2wAwB(1− ρ)σAσB

where the quantity being subtracted is nonnegative
• wA,wB ≥ 0, −1 ≤ ρ ≤ 1

• Volatility is therefore subadditive because:

σπ ≤ wAσA + wBσB

• More generally, this follows from the triangle inequality for standard deviation
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Variance and Volatility

• Variance is not coherent, it fails all four axioms
• Monotonicity fails because a dominated asset can have lower dispersion
• Subadditivity fails whenever Cov(A,B) > 0, since

Var(A+ B) = Var(A) + Var(B) + 2Cov(A,B)
• Positive homogeneity fails because Var(cA) = c2 Var(A)
• Translation invariance fails because Var(A+ c) = Var(A), so adding cash changes

nothing

• Variance is in currency squared, while ϕ(A+ c) = ϕ(A)− c requires currency, so
the axiom cannot even be stated for variance

• Volatility is not coherent either, but it does satisfy two of the four
• Subadditivity holds by the triangle inequality
• Positive homogeneity holds, σ(cA) = cσ(A) for c > 0
• Monotonicity fails for the same reason as variance
• Translation invariance fails because σ(A+ c) = σ(A)
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VaR Can Violate Subadditivity

• Asset A has probability of 4.9% of a return of -100, and 95.1% of a return of 0

• Hence we have

VaR5%(A) = 0

VaR1%(A) = 100
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VaR Can Violate Subadditivity (Cont.)

• Consider another asset B , independent of A and with the same distribution as A

• Suppose we hold an equally weighted portfolio of assets A and B , the 5% VaR of
the portfolio is

VaR5%
π

= VaR5%(0.5A+ 0.5B) = 50

Outcome A B 1
2A+ 1

2B Probability Cumulative
1 -100 -100 -100 0.24% 0.24%
2 -100 0 -50 4.66% 4.90%
3 0 -100 -50 4.66% 9.56%
4 0 0 0 90.44% 100%
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VaR Can Violate Subadditivity (Cont.)

• In this case, VaR5% violates subadditivity

VaR5%
π

> 0.5VaR5%(A) + 0.5VaR5%(B) = 0

• This is because the probability of a loss (4.9%) of a single asset is slightly smaller
than the VaR probability (5%)

• But when we hold both assets, the probability that at least one loses money
exceeds the VaR probability

P(at least one asset loses money) = 1− (0.951× 0.951)

≈ 9.56%
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When Diversification Increases Risk

• You are at a buffet with ten dishes, and one of them is contaminated

• Eat from one dish and you have a one in ten chance of being poisoned

• Eat from all ten and you are certain to eat the bad one, and a small portion is
enough to make you ill

• Diversification helps when losses add up, and hurts when a single exposure is
enough on its own
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Does VaR Really Violate Subadditivity?

• VaR is subadditive for elliptical distributions, including the normal (Embrechts,
McNeil, and Straumann 2002)

• Subadditivity can fail in three ways
• Super-fat tails — independent risks with tail index below one, where portfolio VaR

exceeds the sum of stand-alone VaRs (Chapter 9)
• Discrete or jump losses — as in the counterexample above
• Skewness or asymmetric dependence — losses that arrive together while gains do not

• Most assets have none of these, and that covers most equities, floating exchange
rates and commodities
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Does VaR Really Violate Subadditivity? (Cont.)

• The pattern is a long run of small gains punctuated by a rare large loss

• Pegged exchange rates — stable until a devaluation

• Electricity — prices spike by orders of magnitude within a day (next slide)

• Junk bonds — a steady coupon until default takes the principal

• Short deep out-of-the-money options — a small premium collected repeatedly
until the option finishes in the money

• One such asset in the portfolio is enough
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Houston Power Prices
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Manipulation
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Manipulating VaR

• VaR is easily manipulated, perhaps to reduce the VaR measurement without risk
management, internal control, or the authorities realising

• There are many ways to do this, for example

1. Cherry pick assets that make a VaR measure low
2. Particular derivative trading strategies
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Cherry Pick Assets

• Suppose a trader manages an equity portfolio worth $100 million

• Where the VaR = $10 million

• And then her boss says “Can you reduce the VaR without getting caught violating
any rules”?

• Easy, ask the computer to search for stocks that give the same expected return,
but lower VaR

• You can easily do that with the stocks in the CRSP database (the standard US
equity research dataset)
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London Whale

• JP Morgan in 2012 (U.S. Senate Permanent Subcommittee on Investigations
2013)

• The “chief investment office” had a VaR limit of $95 million, the bank as a whole
$125 million

• In January both limits were breached

• Rather than cut the position, the bank adopted a new VaR model that halved the
reported figure, putting the office back inside its limit overnight

• Person in charge of the VaR sent an email from a Yahoo account to his colleagues
with the subject “Optimising regulatory capital”

• The old model was restored in May, and JP Morgan lost $5.8 billion

• JP Morgan’s quarterly securities filing: “This portfolio has proven to be riskier,
more volatile and less effective as an economic hedge than the firm previously
believed”
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When All You Need Is a Number

• A friend of mine, Rupert Goodwin, sold risk systems

• One day he went to a bank that had just been audited by the local financial
authority

• The regulator came in and asked the risk manager if he used a risk model

• When the risk manager said yes, the regulator ticked off a box and left
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Manipulating VaR With Derivatives

• Traders may face pressure to reduce reported VaR without genuinely reducing risk

• Derivatives can reshape the distribution of profit and loss

• The aim is to move probability mass out of the region VaR measures and into the
region it ignores

• Reported VaR falls while the portfolio becomes more exposed to extreme losses
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Manipulating VaR With Derivatives (Cont.)

• Suppose the VaR before any manipulation is VaR0 and that a bank prefers the
VaR to be VaR1

• Where 0 < VaR1 < VaR0

q

F (q)

p

−VaR0 −VaR1
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The Option Trade

• This is achieved by

1. Buying a put that protects against losses near −VaR1

2. Selling a larger number of deeper out-of-the-money puts, which exposes the portfolio
to losses beyond −VaR0

• The strategy can be structured at low or zero cost, but increases tail risk

• While obvious on a diagram, it can be very hard to identify in a real portfolio
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Expected Shortfall (ES)
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Expected Shortfall (ES)

• A large number of other risk measures have been proposed

• The only one to get traction is ES

• It is known by several names, including

1. ES
2. Expected tail loss
3. Tail VaR
4. Conditional Value at Risk (CVaR)
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Expected Shortfall
Artzner et al. (1999)

Definition (Expected shortfall)

Expected loss conditional on VaR being violated (that is, expected P&L, q, when it is
lower than negative VaR)

ES = −E[q|q ≤ −VaR(p)]

• This definition applies to continuous P&L distributions; for the general case, ES is
the average of all quantiles beyond p

• ES is an alternative risk measure to VaR which overcomes the problem of
subadditivity violation

• It is aware of the shape of the tail distribution while VaR is not
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ES and VaR Example

• A trading book is worth £1 billion, with VaR1% = $10 million and ES1% = $15
million

• VaR says that on one day in 100 we lose £10 million or more

• It says nothing about how much more, the loss on that day could be £11 million
or £500 million

• ES says that across those worst days we lose £15 million on average
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ES and VaR for Profit/Loss Outcomes — Density and VaR
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ES and VaR for Profit/Loss Outcomes — Left Tail
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ES and VaR for Profit/Loss Outcomes — Blow Up the Tail
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Expected Shortfall

• The expectation over the density, f (x) from −∞ to −VaR

• Since the area of that part of the density is p we need to re-scale it, so

ES = −
1

p

∫
−VaR(p)

−∞

xf (x)dx
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ES on the Subadditivity Counterexample

• ES averages the worst p of outcomes, here the worst 5%

• Asset A loses 100 with probability 4.9% and nothing otherwise, so the worst 5% is
the whole 4.9% loss together with 0.1% of the zeros

ES5%(A) = −
0.049× (−100) + 0.001× 0

0.05
= 98

• The equally weighted portfolio loses 100 with probability 0.0492 = 0.2401% and
50 with probability 2(0.049)(0.951) = 9.3198%, so the worst 5% is all of the
0.2401% and 4.7599% of the 9.3198%

ES5%
π

= −
0.002401× (−100) + 0.047599× (−50)

0.05
= 52.40
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ES on the Subadditivity Counterexample (Cont.)

VaR5% ES5%

Asset A 0 98
Asset B 0 98
Portfolio, ϕ(0.5A+ 0.5B) 50 52.40
Parts, 0.5ϕ(A) + 0.5ϕ(B) 0 98

• VaR fails, 50 > 0, while ES holds, 52.40 ≤ 98

• ES also reports 98 where VaR reports nothing at all
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Pros and Cons

Pros

• ES is coherent and VaR is not

• It is harder to manipulate ES than VaR

Cons

• ES requires estimating the tail expectation beyond VaR, adding a second source
of estimation error

• ES is harder to backtest than VaR (see Chapter 8)



Financial Risk Forecasting © 2011-2026 Jon Danielsson · CC BY-NC-ND 4.0 · page 89 of 96

Intro Risk Value–at–Risk Issues Coherence Manipulation ES Conclusion Bib

Measurement

• To calculate ES, we first have to know VaR and then integrate over the tail from
−∞ up to −VaR(p)

• That means in practice that we need more calculations for ES than VaR

• And that there are two sources of estimation error: first in estimating VaR, and
second in estimating the tail expectation conditional on it
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Backtesting

• We discuss backtesting in Chapter 8

• Backtesting is a technique for evaluating the quality of a risk forecast model

• VaR backtests are simple: compare the number of violations with the target rate

• ES backtests exist — jointly with VaR, as in Acerbi and Székely (2019) — but
have low power because the informative observations are concentrated in the tail
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Conclusion
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VaR and ES in Regulations — Chapter 11

• Basel II market-risk capital used 10-day 99% VaR (i.e. p = 1%)

• The revised market-risk framework (FRTB) replaced VaR with 97.5% ES (Basel
Committee on Banking Supervision 2019)

• ES at p = 2.5% was calibrated to be roughly comparable to VaR at p = 1%:

VaR1% ≈ ES2.5%

• The gap widens for fat-tailed distributions

• The shift also reflects the theoretical appeal of ES as a coherent risk measure
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From Theory to Practice

• We have now seen the key properties of VaR and Expected Shortfall

• VaR is intuitive and easy to compute, but not coherent (subadditivity can fail)

• ES is coherent and captures tail risk, but harder to estimate and backtest

• Risk measures must be chosen with care — and with an eye to the context
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Next: Implementing Risk Forecasts

• So far we have focused on what risk is and shown methods for how to measure it

• Now we turn to how to forecast risk using real data

• The goal is to turn theory into tools for practical risk management
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