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Book and slides

� Updated versions of the slides can be
downloaded from the book web page
FinancialRiskForecasting.com
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Licence

� These slides are licensed under Creative Commons BY-NC-ND 4.0
(creativecommons.org/licenses/by-nc-nd/4.0 )

� Non-commercial use is permitted, but not distribution of modi�ed versions
� Material credited to a source on the slide itself is exceptedand remains with its

original owner
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Introduction
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Roadmap
Statistical properties of market prices

volatility clusters, fat tails, nonlinear dependence

Volatility
multivariate

Volatility
univariate Risk

Value-at-Risk, Expected Shortfall

Implementing
risk forecasts

Analytical
methods for derivatives

Simulation
methods for derivatives

Backtesting risk forecasts

Market risk regulations

Extreme market outcomes
endogenous risk

Practical implementation
data and Python
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The Focus of This Chapter

� Historical simulation
� Parametric VaR and ES
� Scaling risk across holding periods
� The role of the mean
� Liquidity-adjusted VaR
� Portfolios and the diversi�cation bene�t
� Time-dependent volatility
� Stressed VaR
� Model risk, and how much risk forecasts disagree
� The Swiss franc shock
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Some Concepts

� So far we have de�ned a sample to have a sizeT
� When it comes to what follows, it is useful to have a separate indication for

number of observations used in the estimation, calledestimation window, or WE

� The methods below fall into two main categories
nonparametric No parametric distribution assumed; estimate risk directly from

the empirical distribution (like historical simulation)
parametric Assume a distributional family and estimate its parameters



Financial Risk Forecasting © 2011-2026 Jon Danielsson · CC BY-NC-ND 4.0 · page 8 of 122

Intro HS Parametric Scaling Mean Liquidity Apply Diversify Dependent Stress Model risk Performance Swiss Appendix

Notation New to This Chapter

WE Estimation window
y Vector of returns used in estimation

WS Stress window length
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In Sample, Out-of-Sample and Forecasting

� If we use information fromt = 1 to t = T to produce analysis about timeT , we
are doingin-sampleanalysis

� But here we want toforecastrisk
� That means using information fromt = 1 to t = T to produce a forecast of what

might happen later, perhaps att = T + 1
� Out-of-sample: evaluating forecasts on data not used in estimation
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Reminder of Learning Outcomes

1. Understand the di�erence between parametric and nonparametric methods

2. Assess the properties, strengths and weaknesses of historical simulation

3. Derive VaR for simple and compound returns

4. Implement risk forecasts for time-dependent models

5. Scale risk across holding periods, and know when the square root of time fails

6. Recognise how much risk forecasts can disagree, and why thatmatters
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Other Reading

� J�on Dan��elsson. 2011.Financial risk forecasting.Wiley, Chapter 5 | accessible,
covers historical simulation and parametric methods with Rcode

� Peter Christo�ersen. 2011.Elements of Financial Risk Management.2nd ed.
Academic Press| applied treatment of VaR, ES, historical simulation and
parametric methods

� Alexander J. McNeil, R•udiger Frey, and Paul Embrechts. 2015. Quantitative Risk
Management: Concepts, Techniques and Tools.Revised. Princeton University
Press, Chapters 2 and 9 | rigorous coverage of risk measures, parametric
methods and EVT
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Historical Simulation (HS)
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Historical Simulation | A Nonparametric Approach to Risk

� Historical simulation is anonparametricmethod for estimating VaR and ES
� Nonparametric means we do not assume any functional form forthe return

distribution
� We use the empirical distribution | the observed returns themselves | as the

basis for risk estimates
� This avoids assuming a parametric family but may be sensitive to rapidly changing

and outdated data
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Historical Simulation: One Asset

� The next day's return is modelled as a draw from the empiricaldistribution of the
estimation window

� In e�ect, assume history repeats itself
� VaR is one of the observations in the estimation window, multiplied by the

monetaryvalue of the asset holdings, the portfolio value#t � 1

#t � 1 = number of stocks owned� Pt � 1

� VaRt is the negative of thekth smallest return, withk = dWE pe, times #t � 1

� Best seen by example
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Sorted Returns
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Procedure

1: use compound returns,yt , which at the daily frequency are almost the same as
simple,Rt

2: p  0:01
3: WE  1000
4: y  f y1; : : : ; yWE g
5: sort so thaty(1) � � � � � y(WE )
6: k  d WE � pe = 10, m  b WE � pc = 10
7: #t � 1  number of stocks� Pt � 1

8: VaRt  � y(k) � #t � 1

9: ESt  �
1
m

P m
i=1 y(i ) � #t � 1

� HereWEp = 10 exactly, so the worstm returns carry precisely probabilityp
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When WEp Is Not an Integer

� VaR still uses the ceiling,k = dWEpe, so it is always one of the observed returns
� ES cannot, since the worstm = bWEpc returns carry onlym=WE of probability

mass, notp
� The cuto� observation enters with just the fraction needed to completep

ESt = �

P m
i=1 y(i ) + ( WEp � m) y(m+1)

WEp
� #t � 1

� With WE = 450 and p = 0 :01, WEp = 4 :5: the four worst returns plus half of the
�fth, divided by 4.5

� If m = 0 the whole tail sits inside the worst observation and ES collapses to� y(1) ,
telling us nothing beyond the sample minimum
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Multiple Assets

1: y  WE � K matrix of asset returns
2: w  K � 1 vector of portfolio weights
3: y�  y � w
4: a daily approximation for compound returns (Chapter 1)
5: apply the procedure from the previous slide toy�
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Importance of Sample Size

� The most extreme observations 
uctuate a lot more than observations that are
less extreme

� You will see that in the Monte Carlo simulations a few slides down
� Therefore, the bigger the sample the more precise the estimation of HS should be
� The downside is that old data may not be all that representative
� And if there is a structural break in the data (like in 2008) the VaR forecasts take

longer to adjust to structural changes in risk

� My rule of thumb is that the minimum sample size is
3
p
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Simulation Examination

� We can compare the impact of the sample size by using Monte Carlo simulations
� In the following, the true distribution is Student-t (3), soyou can easily work out

the true VaR
� You can use the method below to create a con�dence bound for a VaR estimated

by historical simulation
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Simulated HS: WE = 100.
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Simulated HS: WE = 100.
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Simulated HS: WE = 100.
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Simulated HS: WE = 100.
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WE=200 observations
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WE=300 observations
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WE=500 observations
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WE=1,000 observations
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WE=10,000 observations
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WE=100,000 observations
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All Sample Sizes Together

Simulation
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Historical Simulation | Pros and Cons

Pros 1. No parametric distributional family needed
2. Captures non-linear dependence directly
3. Simple to implement and communicate

Cons 1. Assumes history repeats itself | the forecast is only as goodas the
estimation window, and cannot anticipate risks not seen in the
sample

2. Slow to adapt to structural breaks | VaR stays high (or low) long
after conditions change

3. Accuracy depends heavily on sample size

� We return to the performance of HS in the backtesting discussion in Chapter 8
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Parametric Methods
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Risk Measures | From Nonparametric to Parametric

� Historical simulation estimates risk directly from past data without assuming a
model

� We now turn to parametric methods | where we assume a functional form for
the return distribution

� This allows for analytical expressions for risk measures like VaR and ES
� Parametric methods can be more e�cient and 
exible, but alsointroduce

particular types of model risk (discussed later)
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Setup

� We now abstract from time and focus on calculating VaR and ES on day t ,
conditional on an assumed return distribution

� We specify a densityf (�) and a corresponding distribution functionF(�),
commonly the normal or the Student-t

� The standard normal is denoted by� (�) for the density and �(�) for the CDF
� Each distribution has associated parameters�

Normal � = ( � ; � )0

Student-t � = ( � ; � ; � )0

� We assume in this section that the mean return is zero
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Recall VaR

� The de�nition of VaR is

p = P[qt � � VaRt (p)]

=
Z � VaRt (p)

�1
f (x)dx

� Pro�t and loss when we own one stock

qt = Pt � Pt � 1
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VaR for Simple Returns | Derivation

The de�nition of simple returns is

Rt =
Pt � Pt � 1

Pt � 1

The de�nition of VaR (we own one stock)

p = P[qt � � VaRt (p)]

= P(Pt � Pt � 1 � � VaRt (p))

= P(Pt � 1Rt � � VaRt (p))

= P
�

Rt

�
� �

VaRt (p)
Pt � 1�

�
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VaR for Simple Returns | The Standardised Distribution

� Recall from Chapter 1 that a probability of an outcome can be expressed as a
value from the CDF

� F(�) is the distribution of the data itself, whose volatility issmall, typically around
0.01 for daily returns

� Denote the distribution of standardised returns,Rt=� , with mean zero and volatility
one, byFR(�), with inverseF � 1

R (p)
� The two are the same distribution rescaled, and the quantiles scale directly

F(x) = FR

� x
�

�

F � 1(p) = � F � 1
R (p)

� We work with FR because its quantiles do not depend on the level of volatility
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VaR for Simple Returns | Result

� The derivation ended with

p = P
�

Rt

�
� �

VaRt (p)
Pt � 1�

�
= FR

�
�

VaRt (p)
Pt � 1�

�

since the probability of falling below a number is that number's CDF value
� Apply F � 1

R to both sides

F � 1
R (p) = �

VaRt (p)
Pt � 1�

� Multiply through by � Pt � 1�

VaRt (p) = � � � F � 1
R (p) � Pt � 1

� Where� rescales the standardised quantile andPt � 1 accounts for our position
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VaR for Log-Returns

� VaR has so far been derived from simple returns

Rt =
Pt � Pt � 1

Pt � 1

� We now switch to log-returns

yt = log Pt � logPt � 1

� Our next step is to obtain the VaR quantile from the distribution of yt and, if
needed, translate it back to the simple-return scale
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VaR for Log-Returns | Preliminaries

� From the de�nition, prices satisfy

Pt = Pt � 1eyt

� so
Pt � Pt � 1 = Pt � 1 (eyt � 1)

� The derivation takes logs, which needs

1 �
VaRt (p)

Pt � 1
> 0 hence VaRt (p) < Pt � 1

� That is, the loss cannot exceed the whole position
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VaR for Log-Returns | Derivation

p = P(Pt � Pt � 1 � � VaRt (p))

= P(Pt � 1 (eyt � 1) � � VaRt (p))

= P
�

eyt � 1 �
VaRt (p)

Pt � 1

�

= P
�

yt � log
�

1 �
VaRt (p)

Pt � 1

��

= P
�

yt

�
�

1
�

log
�

1 �
VaRt (p)

Pt � 1

��
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VaR for Log-Returns | Exact Result
� From the derivation, the standardised log returnyt =� has CDFFy (�)
� We had

p = P
�

yt

�
�

1
�

log
�

1 �
VaRt (p)

Pt � 1

��

� Sincep = Fy

�
1
�

log
�

1 �
VaRt (p)

Pt � 1

��
, inverting gives

1
�

log
�

1 �
VaRt (p)

Pt � 1

�
= F � 1

y (p)

� Exponentiating and solving for VaR

VaRt (p) = � (exp(F � 1
y (p)� ) � 1)Pt � 1

� This is exact but awkward to work with | we can simplify
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VaR for Log-Returns | Daily Approximation

� How di�erent is the log return version

eF � 1
y (p)� � 1

� from the simple return version?
� F � 1

R (p)

� It depends on the sampling frequency and volatility
� Recall the discussion in the �rst section of Chapter 1
� Where simple returns are approximately the same as compoundreturns at the

daily frequency, therefore
FR � Fy
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VaR for Log-Returns | Numerical Check

� Daily volatility is around 0.01, so� F � 1
y (p) is small andex � 1 � x applies

e� F � 1
y (p) � 1 � � F � 1

y (p)

� Under normality atp = 1% we haveF � 1
y (p) = � 2:33, so� F � 1

y (p) = � 0:0233

e� 0:0233 � 1 = � 0:02303 against � 0:02330

� A di�erence of 0.00027, under three basis points on a loss of 2.3%
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VaR for Log-Returns | Result

� Therefore the VaR for holding one unit of asset is:

VaRt (p) = � (exp(F � 1
y (p)� ) � 1)Pt � 1 � � � F � 1

y (p)Pt � 1 � � � F � 1
R (p)Pt � 1

� Meaning the VaR for continuously compounded returns is approximately the same
as the VaR using simple returns

� And F � 1
y (p)� is much easier to work with

� Besides, my experience is that� is only accurately estimated to one or at best
two digits

� So little or nothing is lost by the approximation
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Holding Periods, Scaling,
and the Square Root of Time
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Holding Periods

� In practice,the most common holding period is daily
� Shorter holding periods are common for risk management on the trading 
oor

� Risk managers and proprietary trading desks use one-hour, half-hour, 20-minute and
even 10-minute holding periods

� This is technically di�cult because intraday data has complicated diurnal patterns
� Diurnal patterns are the repeating shape of the trading day, where volatility and

volume are highest at the open and the close and lowest around midday
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Longer Holding Periods

� For institutional investors and non�nancial corporations, it is more realistic to use
longer holding periods

� Holding periods exceeding one day are also demanding
� E�ectively, the sample becomes much smaller
� One could use scaling laws

� Most VaR forecasts require at least a few hundred observations to estimate risk
accurately

� For a 10-day holding period, we will need at least 3,000 trading days, or about 12
years

� In most cases, data from 12 years ago are fairly useless
� Some investors want risk forecasts over months, years or even decades, which

makes no sense
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Scaling Laws

� If data comes from a particular stochastic process it may be possible to use VaR
estimates at high frequency (for example daily) andscale them upto lower
frequencies (e.g. fortnightly)

� This would be possible because we know the stochastic process and how it
aggregates

� That is not usually the case
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Variances, IID and Square Root of Time Scaling

� Suppose we observe an IID sequencef Xt g with variance� 2

� The variance of the sum of two consecutiveX 's is

Var(Xt + Xt +1 ) = Var( Xt ) + Var( Xt +1 ) = 2 � 2

� So the volatility scales by

� 2days =
p

2� and generally � Hdays =
p

H�

� Variance scales with time, volatility with the square root of time, and the mean of
the cumulative sum with time

� This holds regardless of the underlying distribution, provided the variance is
de�ned
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What the Rule Requires

� For volatility the rule needs only that returns are IID with a de�ned variance,
whatever the distribution

� For VaR it needs more, IIDnormallydistributed returns with zero mean, since a
nonzero mean adds a term that scales linearly

� Neither holds under GARCH for today's conditional volatility, where theH-day
conditional variance is

P H
i=1 Et [� 2

t + i ] rather than H� 2
t +1 , though it does hold for

the unconditional volatility
� For IID fat-tailed data with tail index� > 2 the extremequantile scales asH1=� ,

which isslowerthan
p

H | an asymptotic result as p ! 0, stated as a theorem in
Chapter 9
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Mean
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Expected Returns

� Returns have (at least) a mean and variance
� Is it reasonable to assume� t = 0?
� In my experience VaR is only accurately estimated to one digit, which the

performance section later in this chapter bears out
� The mean is smaller than that
� For example, S&P-500 daily returns have historically been around

� � 0:019%; � � 1:15%
� 1% normal VaR without mean: 2:326� 0:0115 = 2:67%
� With mean: 2:326� 0:0115� 0:00019 = 2:66%
� The mean changes VaR by less than 0.02 percentage points | well within

estimation error



Financial Risk Forecasting © 2011-2026 Jon Danielsson · CC BY-NC-ND 4.0 · page 49 of 122

Intro HS Parametric Scaling Mean Liquidity Apply Diversify Dependent Stress Model risk Performance Swiss Appendix

VaR With Mean

� So far we have assumed� = 0
� A nonzero mean shifts the whole distribution, and the VaR shifts with it

VaRt (p) =
�
� � F � 1

R (p) � �
�

� Pt � 1

� The mean enters with a minus sign, so a positive expected return makes the VaR
smaller

� � � F � 1
R (p) > 0 while � � < 0, and at � = 0 we are back to the zero-mean result

� The derivation is in the Appendix
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VaR With Mean | The Shift

q

f (q)

� VaR5%

� = 0 � = 2

� VaR5%
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VaR With Mean | The Shift | TikZ

� = 0

� VaR5%

� = 2

� VaR5% q

f (q)
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Time Aggregation of VaR With Mean

� Under IID normality the scaling section showed that volatility scales as
p

H while
the mean scales asH

� The H-period VaR is therefore:

VaR(H) =
�

�
p

H � � � F � 1
R (p) � H � �

�
� Pt � 1

� Since
p

H < H, the mean becomes relatively more important at longer horizons



Financial Risk Forecasting © 2011-2026 Jon Danielsson · CC BY-NC-ND 4.0 · page 53 of 122

Intro HS Parametric Scaling Mean Liquidity Apply Diversify Dependent Stress Model risk Performance Swiss Appendix

VaR When Returns Do Not Have Zero Mean

0 50 100 150 200 250
$0

$100

$200

$300

$400

Setting � = 0 is harmless at the daily level
Daily S&P-500: � � 0:019%,� � 1:15%
Annual: � = 4 :87%, � = 18:2%

Day

V
aR

� = 0
� = 0 :019%
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Issues in Including the Mean

� It is much more di�cult to estimate the mean than the variance
� So unless necessary it should be avoided, and for VaR over oneday or 10 days it is

not necessary in most cases
� Two separate decisions follow

1. Whether to de-mean returns before estimating the volatility model
2. Whether to put � back into the VaR formula

� The �rst is about estimating the variance correctly and we should do it, since the
recursion needs deviations from the mean

� The second is about what we forecast, and setting� = 0 costs little at short
horizons, as the S&P-500 numbers showed
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What if We Want the Mean?

� Of course, �nance is all about the mean
� And we may want to forecast it along with volatility
� The idea being that the accuracy of the mean forecast is higher if we allow for

time-varying volatility
� So start with a standard GARCH model

� 2
t = ! + � y2

t � 1 + � � 2
t � 1

� Where
yt � N (� t ; � 2

t )

� Strictly, the variance recursion should use (yt � 1 � � t � 1)2; see Chapter 2
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Specifying the Mean

� There are many ways one can forecast the mean, here is a simpleway; ARMA(1,1)

� t = � 0 + � yt � 1 +  � t � 1� t � 1

� Which we saw in Chapter 2
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Liquidity-Adjusted VaR
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Why Liquidity Matters for Risk

� Standard VaR assumes positions can be liquidated at currentmarket prices, which
is what positive homogeneity assumes in the coherence axioms of Chapter 4

� In practice, selling a large position moves the price against the seller
� The price impactdepends on position size relative to market depth
� A $1 million position in a trillion-dollar stock is negligible; the same position in a

$100 million stock is not
� Ignoring this understates risk, sometimes substantially
� Recall the coherence discussion in Chapter 4 | as we will see,LVaR is not

coherent because the price impact component breaks positive homogeneity
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Price Impact and LVaR
� There are many ways to model price impact; here is one simple example
� If a fund sells a position worth# in a stock with market capitalisationM, the

price impact cost is

C =
#2

M
� So C=# = #=M, the money lost as a share of the position equals the share of the

company we own
� The liquidity-adjusted VaR(LVaR) adds this cost to the standard VaR

LVaR = VaR +C

� Price impact isquadratic in position size | doubling the position quadruples the
cost

C(c#) =
(c#)2

M
= c2 C(#)
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Example | Two Stocks

Stock A Stock B
Position value $1,000,000 $1,000,000
Market capitalisation $1 trillion $100 million
Daily volatility 2% 2%

Independent, normally distributed returns. Each stock's 1% VaR is$46,600

Stock A Stock B
Price impactC = V 2=M $1 $10,000
LVaR $46,601 $56,600

� Portfolio: standard VaR =$65,901, LVaR =$75,902 (15% higher)
� Almost all the price impact comes from the small-cap stock
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LVaR Is Not Coherent

� Coherent risk measures must satisfypositive homogeneity

Risk(� V ) = � Risk(V )

� Standard VaR satis�es this: doubling a position doubles theVaR
� But LVaR does not | the price impact component scales as� 2

LVaR(� V ) = � VaR +� 2 C(V )

� Large positions in illiquid stocks carry disproportionately more risk than standard
measures suggest

� A fund cannot simply scale up positions and expect risk to scale proportionally
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Fire Sale Spirals

� When prices drop, leveraged funds may face margin calls or breach leverage limits
� Forced selling incurs price impact costs, which push pricesdown further
� This creates a feedback loop: selling) price drop) more forced selling
� The spiral is worse when multiple funds hold similar positions and deleverage

simultaneously
� Standard VaR cannot capture this because it treats risk as exogenous
� We explore this feedback mechanism in detail in Chapter 10 (Endogenous Risk)
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Applying Parametric Methods
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VaR When Returns Are Normally Distributed

� Under normality the standardised distribution is the standard normal,FR = �, so

VaRt (p) = � � � � � 1(p) � #

� At p = 0 :05 the standardised quantile is �� 1(0:05) = � 1:645
� With � = 1 and # = 1 this is just VaR = 1:645
� And with � = 0 :01 and# = 1000

VaR = 0:01� 1:645� 1000 = $16:45

� With a mean, say the historical S&P-500 daily� = 0 :019%

VaR = (0:01� 1:645� 0:00019)� 1000 = $16:26
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Standardising the Student-t

� The variance of a Student-t random variable is, for� > 2,

�
� � 2

� The parametric formula needsFR to have variance one, so by convention we use
the standardisedStudent-t, scaled so its variance becomes one

F � 1
R (p) =

r
� � 2

�
t � 1
� (p)

� The raw quantile comes from a distribution with variance� =(� � 2) > 1, while �
already carries the true variance

� Without the correction we would overstate risk by a factor of
p

� =(� � 2), which
is 1.73 at� = 3
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VaR Under the Student-t Distribution

� � indicates how fat tails are
� Comparing at the same volatility,# = 1000 and � = 0 :01

� VaR5% VaR1%

1 $16.45 $23.26
5 $15.61 $26.06
3 $13.59 $26.22

� Fat tails raiseVaR far out in the tail butlower it closer in, since the densities cross
� By convention GARCH-t uses the standardised distribution,see Chapter 2
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Expected Shortfall

� Normal derivation in Appendix

ES = #�
� (� � 1(p))

p

� Student-t (� > 2), with q = t � 1
� (p) and the same

p
(� � 2)=� rescaling as the

VaR

ES = #�

r
� � 2

�
�

f� (q)
p

�
� + q2

� � 1
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These Are Estimates, Not Known Numbers

� Every formula so far gives a point estimate, built from an estimated � , and for the
Student-t an estimated� as well

� So VaR and ES come with con�dence intervals of their own, and at short samples
those intervals are wide

� They measure uncertainty in theestimate, not a prediction interval for tomorrow's
loss

� How to construct them, by the delta method or a parametric bootstrap, is in the
Appendix

� How wide they are in practice is the subject of the performance section later in
this chapter
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When There Is More Than One Asset

� So far VaR has used a single asset's own variance, but real portfolios hold several
assets whose risks interact through correlation

� In the two asset case

� 2
� =

�
w1 w2

�
�

� 11 � 12

� 12 � 22

� �
w1

w2

�

� And generally in theK asset case

� 2
� = w 0� w

� Then, as before,
VaRt (p) = � � � F � 1

R (p)#t � 1
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Diversi�cation Bene�t
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Diversi�cation Bene�t

� Portfolio VaR should be less than the sum of the individual VaRs

VaR� � VaRsum

since losses in one position are partly o�set by the others
� The diversi�cation bene�t (DB) measures the reduction

DB =
VaRsum � VaR�

VaRsum

� VaRsum is the sum of individual position VaRs (no diversi�cation)
� VaR� is the portfolio VaR (with correlations)
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Diversi�cation Bene�t | Range and Sign

� In the normal setting of the following example, DB = 0 when� = 1 and DB is
maximised when correlations are low

� Because VaR is not subadditive (Chapter 4), DB can be negative in general
� The same ratio in ES is never negative, since ES is subadditive

DBES =
ESsum � ES�

ESsum
� 0
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Example

� We work out the diversi�cation bene�t twice, once in a normalperiod and once in
a crisis, where both volatility and correlation are higher

� Three stocks with equal weights,wi = 1=3

� All volatilities equal to� and all pairwise correlations equal to�
� To get the diversi�cation bene�t we need VaR� , which needs the portfolio

volatility � � , and VaRsum
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Portfolio Variance

� The covariance matrix is

� = � 2

0

@
1 � �
� 1 �
� � 1

1

A

� Every weight is1=3, so the quadratic form is one ninth of the sum of all nine
entries, three of them� 2 and six� � 2

� 2
� = w 0� w =

1
9

3X

i =1

3X

j =1

� ij =
3� 2 + 6 � � 2

9
=

� 2(1 + 2 � )
3

� At � = 1 this is � 2, no diversi�cation at all, and it falls as� falls
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Diversi�cation Evaporates in a Crisis
� Portfolio value$1,000,000, so each position is$333,333

Normal Crisis
Daily volatility � 2% 4%
Pairwise correlation� 0.3 0.8
� � 1.46% 3.72%
VaR� $33,973 $86,616
VaRsum $46,520 $93,040
Diversi�cation bene�t 27.0% 6.9%

� In normal times, imperfect correlation provides substantial risk reduction
� In a crisis the three stocks move nearly together and the portfolio behaves almost

like a single concentrated position
� VaR increases by 155%, the combined e�ect of doubled volatility and spiking

correlations
� Diversi�cation bene�ts are least available precisely whenthey are most needed
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VaR With Time-Dependent Volatility
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VaR With Time-Dependent Volatility | Next Steps

� The previous sections assumed a �xed volatility� when computing next-day VaR
� Empirical data show volatility clusters and varies throughtime
� We now model the conditional variance� 2

t +1 with GARCH-type processes
� VaR becomes time dependent VaRt +1 (p)
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VaR With Time-Dependent Volatility

� When using conditional volatility models, like EWMA and GARCH
1. Estimate the model
2. Take the last in-sample volatility
3. And use that along with the last return observation
4. And the model parameters
5. To calculate one-day-ahead VaR forecast
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Normal GARCH

� GARCH(1,1) is:
�̂ 2

t = ! + � y2
t � 1 + � �̂ 2

t � 1

� Software packages usually return the last volatility of thein-sample volatility (^� t ),
and the parameters

� One then needs to update the volatility by using ^� t , yt and the model parameters

�̂ 2
t +1 = !̂ + �̂ y2

t + �̂ �̂ 2
t

� So the VaR att + 1 is
dVaRt +1 = � �̂ t +1 � � 1(p)#t
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GARCH-t

� The only di�erence with the GARCH-t is that instead of using the inverse normal
� We use the inverse Student-t CDF,t � , where the degrees of freedom is the

parameter�
� So the VaR att + 1 is

dVaRt +1 = � �̂ t +1 t �
� 1(p)#t

� Exceptstandardisation{ see the next slide
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Standardised t

� By convention the GARCH-t uses thestandardisedStudent-t, as in the Apply
section

� The GARCH volatility ^� t +1 already carries the true variance, so the raw quantile
would count it twice

� So the VaR att + 1 is

dVaRt +1 = � �̂ t +1 t �
� 1(p)#t

r
� � 2

�
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Stressed VaR (and ES)
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Why Stressed VaR | Motivation

� Ordinary VaR based on recent data can fall sharply in calm periods then rise in
crises

� This pattern understates risk just before stressful events
� Regulations introduced Stressed VaR; the current standarduses ES, but the

stressed-window concept carries over
� The aim is to hold capital that would have been adequate through an earlier

market turmoil
� We discuss the regulatory details in Chapter 11
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Identifying a Stress Window

� Select a �xed length window ofWS trading days, two ways to pick it
1. Slide the window through history and take the placement givingthe highest VaR
2. Refer to a list of crisis periods, e.g. 2007{2009 (GFC), March 2020 (Covid), April

2025 (tari� shock)

� The stressed VaR today is then calculated with returns from that window
� Often denoted by S-VaR and S-ES
� The answer is sensitive to the window length and to the marketsegment it is

drawn from
� And it may overstate risk for a portfolio now quite di�erent from the one held in

the stress period
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Model Risk of Risk Models
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Model Risk of Risk Forecast Models
\All models are wrong | some are useful" (Box 1976)

The risk of loss, or other undesirable outcomes like �nancial crises arising from using
risk models to make �nancial decisions

� In�nite number of candidate models, each with its own risk forecast for the same
event

� And so an in�nite number of di�erent decisions, many ex ante equally plausible
� Hard to discriminate
� Under- or over-estimating risk has direct consequences fortrading limits and

regulatory capital
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Sources of Model Risk

� Parameter estimation error| window length, data frequency, and sample period
all a�ect estimation

� Model speci�cation error| choice of distribution (normal vs heavy-tailed),
dynamics (GARCH vs EWMA vs HS), and dependence structure

� Implementation error| numerical precision, data-quality issues, and coding
mistakes

� Model risk is highest duringregime transitions| parameters estimated in calm
markets can badly misrepresent crisis behaviour

� A model that performs well for years may fail precisely when it matters most
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Risk Ratios: Our Proposed Model Risk Methodology
Dan��elsson et al. (2017)

� Consider the problem of forecasting risk for dayt + 1 using information available
on dayt

� Suppose we haveN candidate models to forecast the risk, each providing di�erent
forecasts �

Risknt +1

	 N
n=1

� We then de�nemodel risk as the ratio of the highest to the lowest risk forecasts

Risk ratiot +1 =
max

�
Risknt +1

	 N
n=1

min
�

Risknt +1

	 N
n=1

� This needs every forecast to be strictly positive, and becomes unstable as the
smallest one approaches zero
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Model Choice

MA Moving average

EWMA Exponentially weighted moving average

GARCH Normal innovations

GARCH-t Student-t innovations

HS Historical simulation

EVT Extreme value theory

� All models re-estimated every day

We can, and have, tried any new fancy model.
Each new model will weakly increase the risk ratio



Financial Risk Forecasting © 2011-2026 Jon Danielsson · CC BY-NC-ND 4.0 · page 90 of 122

Intro HS Parametric Scaling Mean Liquidity Apply Diversify Dependent Stress Model risk Performance Swiss Appendix

Risk Measures and Data

� Basel II: 10-day 99% VaR (plus stressed VaR in the market-risk framework)
� FRTB: 97.5% ES calibrated to stress, with liquidity-horizon structure Basel

Committee on Banking Supervision (2019) (see Chapter 11)
� Large �nancials traded on the NYSE, AMEX, and NASDAQ

� Banking, insurance, real estate, and trading sectors

� January 1970 to December 2012
� Daily sampling frequency
� Sample size shown here, 1,000 days
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Sample Results: JPM January 3, 2007, $100 Portfolio

Model VaR
HS $ 3.22
MA $ 2.91
EWMA $ 1.96
GARCH $ 2.13
GARCH-t $ 2.74
EVT $ 3.22

Model risk 1.64
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JPM: Model Risk (Risk Ratios)
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Zooming in (End of Quarter): VaR
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Each Model Has Its Own Merits
There is no clear conclusion of which one is better

Particular models perform best in particular environmentsand for particular
purposes

� React quickly to news { volatility-based, like GARCH
� Easy to compute { EWMA, MA, HS
� Very small samples { EWMA, MA
� Low volatility of risk { HS
� Tails { EVT, GARCH-t

Backtesting (Chapter 8) reveals bias in a single model, while comparing across
models captures the dispersion between them
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\Why Risk Is So Hard to Measure"
Dan��elsson and Zhou (2017)
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Evaluating Risk Forecast Performance | Why It Matters

� Previous sections developed VaR and ES via historical, parametric and stressed
methods

� A critical issue is how well these forecasts perform in �nitesamples
� Sampling noise and model error can mask genuine changes in market risk
� We draw on Dan��elsson and Zhou (2017) to quantify this uncertainty with Monte

Carlo simulations and CRSP stock data
� The goal is to measure the dispersion of VaR and ES estimates and assess the

reliability of their con�dence bounds
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How Accurate Are Market Risk Measurements?

� Consider the various market risk forecasting methods
� A lot of papers exist on the asymptotic properties of variousmethods
� Or comparing methodA to method B
� There is relatively little work on how the various methods perform in small samples
� That is, in practice
� Calculate theempirical99% con�dence bounds
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Objective

� What is the relationship between ES and VaR?
� VaR1% and ES2:5%, the Basel levels

� What are the small sample properties of these risk measures?
� Risk measures compared by Monte Carlo simulations

� 107 simulations (yes, we need that many)
� Because we are estimating quantiles of quantiles

� And theoretical analysis
� And with CRSP data
� Across sample sizes and tail thicknesses
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Methodology | Monte Carlo and Empirical Design

� Generate 107 arti�cial return samples for each lengthT 2 f 100; 250; 500; 1000; :::g
� Data-generating processes | IID draws fromN (0; 1) and from a Student-t

distribution with � = 3, rescaled to unit variance
� For every sample compute VaR1% and ES2:5% via historical simulation
� Build the sampling distribution of each estimator and extract 95% and 99%

con�dence bounds from empirical quantiles
� Empirical check | roll a window over CRSP US stock returns andrepeat the VaR

/ ES estimation
� Compare Monte Carlo bounds with the dispersion observed in real data to assess

�nite-sample reliability
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Estimation Method

� Historical simulation
� For most of the data generating processes it is appropriate
� And we don't want to get into the business of \which method is best for which

DGP"
� Instead, a widely used method in practice
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Accuracy of VaR and ES

� We know the asymptotic properties
� But what happens when the sample size becomes smaller and smaller?
� Across various tail thicknesses
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CRSP Stocks | VaR1% and ES2:5%

Estimates are shown relative to their true values, so the ideal val ue is one

VaR ES

Sample size 99% con�dence bound

300 days [0.65,1.49] [0.63,1.28]

4 years [0.74,1.35] [0.69,1.35]

20 years [0.84,1.20] [0.80,1.24]

Might a random number generator be cheaper and as reliable?
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Finite Sample Properties of VaR With Monte Carlo
� = 3
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Performance Study | Key Takeaways

� Small samples in
ate the estimation error of both VaR and ES |the dispersion
can exceed the risk itself forT � 250

� Student-t tails widen con�dence bounds dramatically compared with the normal
DGP

� Monte Carlo bounds line up with the spread seen in CRSP stocks, con�rming that
sampling noise dominates short windows

� ES is generally estimated less precisely than VaR, and at theregulatory levels
ES2:5% remains less precise than VaR1% for tail indices below 6, which covers
typical equity returns

� Regulatory backtesting should account for �nite-sample uncertainty when 
agging
VaR / ES exceptions
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\What The Swiss FX Shock Says About
Risk Models"

Dan��elsson (2015)
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Some Actual Price Series
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Some Actual Price Series (Zoom In)
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VaR and ES
Estimated with \reputable" models generally accepted by authorities and industry

MA Moving average

EWMA Exponentially weighted moving average

GARCH Normal innovations

GARCH-t Student-t innovations

HS Historical simulation

EVT Extreme value theory

� While other models may be discussed, these six cover the vastamount of use cases
� Estimation period, 1,000 days
� Other assumptions give qualitatively similar results
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Risk for the Next Day (T + 1)
Portfolio value is 1,000

Model VaR ES

HS 14.04 20.33
MA 11.42 13.09

EWMA 1.59 1.82
GARCH 1.71 1.96

GARCH-t 2.10 2.89
EVT 13.90 24.41

Model risk 8.83 = 14:04=1:59 13:41 = 24:41=1:82



Financial Risk Forecasting © 2011-2026 Jon Danielsson · CC BY-NC-ND 4.0 · page 109 of 122

Intro HS Parametric Scaling Mean Liquidity Apply Diversify Dependent Stress Model risk Performance Swiss Appendix

Let's Add One More Day
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How many francs a euro buys

2000 2005 2010 2015

1.1
1.2
1.3
1.4
1.5
1.6
1.7

S
R

F
/E

U
R

1.2

1.4

1.6

2000 2005 2010 2015

re
tu

rn

-15 %
-10 %
-5 %

0 %
5 %



Financial Risk Forecasting © 2011-2026 Jon Danielsson · CC BY-NC-ND 4.0 · page 110 of 122

Intro HS Parametric Scaling Mean Liquidity Apply Diversify Dependent Stress Model risk Performance Swiss Appendix

The Swiss Franc Floor

� From September 2011 the Swiss National Bank capped the francat 1.20 per euro,
buying euros without limit to defend the cap

� The franc was a safe haven through the euro crisis, and the capwas there to stop
it appreciating further and crushing Swiss exporters

� On 15 January 2015 the SNB abandoned the 
oor without warning
� The franc appreciated about 15.5% against the euro within minutes
� Several brokers failed, and the SNB took a large loss on its euro reserves
� The 
oor had held for three years, and nothing in the data before that day hinted

at what was coming
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How Frequently Do the Swiss Appreciate by 15.5%?

� Each model implies a probability for a 15.5% daily move
� We invert this to get the expected waiting time: once everyX years

Model Expected waiting time (years)

EWMA e�ectively 1
GARCH e�ectively1

MA 2:7 � 10217 age of the universe is about 1:4 � 1010

GARCH-t 1:4 � 107 age of the earth is about 4:5 � 109

EVT 109
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Even More Interesting After the Event
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So

� Depending on the model, risk may or may not move
� Some models signal very high risk even though no further shock follows
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But Is the Event All That Extraordinary?
just eyeballing it seems not that much
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Should We Care?

� I am often told that nobody manages FX risk with such methods
� But still they are a part of Basel III market risk
� Some countries use them for pension fund regulations
� The accuracy, or lack thereof, is representative for many other situations and

methodologies
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Could We Forecast Risk Better?

� If one considers who owns the Swiss National Bank
� And some factors, perhaps

� SNB dividend payments
� Money supply
� Reserves
� Government bonds outstanding

� Yes, we can do much better than the models used here, though the gain would
have to be shown out of sample
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The Swiss Takeaway

� Before the shock: \1-in-a-million-year event"
� After the shock: \It'll happen again tomorrow"
� Both wrong. But both from the same model
� It's not just wrong | it's con�dently wrong
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Appendix: VaR and ES Derivations
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VaR With a Nonzero Mean

� With E(Rt ) = � , standardise around the mean

p = P
�

Rt � �
�

�
� VaRt (p)=Pt � 1 � �

�

�
= FR

�
� VaRt (p)=Pt � 1 � �

�

�

� Apply F � 1
R to both sides

F � 1
R (p) =

� VaRt (p)=Pt � 1 � �
�

� Multiply by � , add � , and multiply by� Pt � 1

VaRt (p) =
�
� � F � 1

R (p) � �
�

� Pt � 1

Back
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Derivation of ES under Normality

ES = �
1
p

Z � VaRt (p)

�1
x f (x) dx

= �
#�
p

Z � � 1(p)

�1
z � (z) dz with z = x

# �

=
#�
p

�
�
� � 1(p)

�

Back to main ES normal slides
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Con�dence Intervals for Parametric VaR and ES

� Let � be the parameters andg(� ) the VaR or ES functional, so we reportg(�̂ )
� Delta method

dVarf g(�̂ )g = r g(�̂ )0dCov(�̂ ) r g(�̂ )

� giving the approximate (1� 
 ) interval

g(�̂ ) � � � 1(1 � 
= 2)
q

dVarf g(�̂ )g

� A parametric bootstrap is easier wheng has no closed form, simulate from the
�tted model, re-estimate on each sample, and take empiricalpercentiles

Back
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