Intro Bonds: Duration VaR and ES Options Delta-Normal VaR and ES Summary Appendix Bib
000000000 0000000000000 00000000000 000000 oo 0000 o

Financial Risk Forecasting
Chapter 6
Analytical VaR and ES for Options and Bonds

Jon Danielsson
London School of Economics
(© 2011-2026 - CC BY-NC-ND 4.0

To accompany
Financial Risk Forecasting
FinancialRiskForecasting.com
Published by Wiley 2011

Version 11.0, August 2026

Financial Risk Forecasting (© 2011-2026 Jon Danielsson - CC BY-NC-ND 4.0 - page 1 of 49


https://financialriskforecasting.com

Intro Bonds: Duration VaR and ES
000000000 0000000000000

WILEY J3RNCWe3)

Financial
risk

forecasting

JON DANIELSSON

Options Delta-Normal VaR and ES Summary Appendix Bib
00000000000 000000 oo 0000 o

Book and slides

® Updated versions of the slides can be
downloaded from the book web page

FinancialRiskForecasting.com

Financial Risk Forecasting (© 2011-2026 Jon Danielsson - CC BY-NC-ND 4.0 - page 2 of 49



Intro Bonds: Duration VaR and ES Options Delta-Normal VaR and ES

Summary Appendix Bib
000000000 0000000000000 00000000000 000000 oo 0000 o
Li

® These slides are licensed under Creative Commons BY-NC-ND 4.0

(creativecommons .org/licenses/by-nc-nd/4. O)
® Non-commercial use is permitted, but not distribution of modified versions

® Material credited to a source on the slide itself is excepted and remains with its
original owner

Financial Risk Forecasting (©) 2011-2026 Jon Danielsson - CC BY-NC-ND 4.0 - page 3 of 49



Intro Bonds: Duration VaR and ES Options Delta-Normal VaR and ES Summary Appendix Bib
©00000000 0000000000000 00000000000 000000 oo 0000 o

Analytical VaR and ES for Options and
Bonds

Financial Risk Forecasting (© 2011-2026 Jon Danielsson - CC BY-NC-ND 4.0 - page 4 of 49



Bonds: Duration VaR and ES
0000000000000

Intro
0O@0000000

Options
00000000000

Roadmap

Delta-Normal VaR and ES

Summary
000000 oo

Appendix Bib
0000 o

Statistical properties of market prices

volatility clusters, fat tails, nonlinear dependence

Practical implementation

data and Python

v

Risk

Value-at-Risk, Expected Shortfall

Volatility
univariate V0|at|||ty
multivariate
Implementing Analytical
risk forecasts methods for derivatives

Sl Market risk regulations

methods for derivatives

‘ Backtesting risk forecasts

Financial Risk Forecasting (© 2011-2026 Jon Danielsson -

Extreme market outcomes

endogenous risk

CC BY-NC-ND 4.0 - page 5 of 49



Intro
00®000000

This Chapter

® The return-based VaR and ES methods of Chapters 4 and 5 work well for stocks,
FX and commodities

® But we cannot apply them directly to bonds and options — why?
® These instruments are non-linear and time-sensitive

® A bond or option tomorrow is a different instrument from the same bond or option
today

® For bonds, we use first-order approximation with duration
® For options, we use delta — the sensitivity to the underlying price
® Both approaches try to linearise non-linear instruments

® VaR and ES themselves remain valid for any instrument — full revaluation by
simulation (Chapter 7) avoids the linearisation error, at a computational cost
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Standard Notation (Hull, 2021)

Hull  Ours
S Price of underlying asset
K X Strike price Our notation so far has
T 7T Expiry date been standard in
t t* Current date empirical finance and risk.
T—t 7=7"T-—1t" Time to expiration (annual) Hull is the standard
roorf Risk-free interest rate (annual) textbook for derivatives.
y r Yield (annual) There is some clash in
o 0, Volatility (annual) notation between the two
N(-) &() Standard normal CDF areas, and we try to
¢, p call, put Call and put prices minimise the differences,
A A Option delta but some are unavoidable.
r r Option gamma
D D Modified duration
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Compounding Conventions

® Bonds use discrete compounding

(1+4r)"
® Black-Scholes uses continuous compounding
—reT

e

® Both are standard in their respective areas
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Notation New to This Chapter

The notation for bonds and options is quite a bit more complicated than the one we
have encountered so far. We have to keep track of both trading time and calendar
time, and the reference time for bonds and options is generally annual.

c Cash flow
Expiry date N Number of payments
7 Time to expiry (years) D Modified duration
r  Annual yield A Option Delta
o, Vol. of daily yield increments V(:) Pricing function
0, Annual volatility VaR, VaR of underlying

VaR, VaR of option
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Learning Outcomes

Recognise why linear return-based VaR and ES methods fail for bonds and options
Understand duration-based VaR and ES for bonds
Understand delta-based VaR and ES for options

Recognise limitations of first- and second-order approximations

AR ol o

Recognise why Monte Carlo methods are generally preferred for these instruments
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Taylor Approximations

Let f(x) be a function we want to approximate around a point xg

The first-order Taylor approximation is:

f(x) = f(x0) + f'(x0)(x — x0)

The second-order Taylor approximation is:

Fx) % £(30) + F/(x0)(x — x0) + 5 " (0)(x — x0)°

These approximations are accurate when x is close to xg

Below, we apply this to price functions to estimate changes in value due to small
changes in the underlying variable
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Other Reading

® Chapter 6 in Jon Danielsson. 2011. Financial risk forecasting. Wiley — accessible,
covers delta-normal VaR for bonds and options with R code

® John Hull. 2021. Options, Futures, and Other Derivatives. 10th. Upper Saddle
River, NJ: Pearson — the standard derivatives textbook

® Peter Christoffersen. 2011. Elements of Financial Risk Management. 2nd ed.
Academic Press — applied treatment of VaR and ES for options and bonds
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Bonds: Duration VaR and ES
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Bond Pricing

A bond is a fixed-income instrument
Typically with regular payments called coupons
Suppose coupons are annual

Bond price is given by present value of future cash flows, and we write it as a
function of the spot rates

N

Cn
:Vrl,...,rN): T——n
( nz_;(l‘Frn)

Where {c,,}y:1 includes the coupon and principal payments
And r, is the spot rate for maturity n — the interest rate for a payment received
at time n

® When the curve is flat, all r, equal one rate, which coincides with the bond's yield to

maturity — the single discount rate implied by the bond’s market price
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Bond Risk Asymmetry

$1800- $1784 e Face value $1,000 e 50 year maturity
e Annual coupon $30 e Flat yield curve at 3%
$1600—
Interest rate  Price  Change
$1400— 1% $1,784  $784
) 0
0 _ 3% $1,000
5 $1200 5% $635 3365
2 $1000 $1000
M
$800—
$600 $635
$400—
I
1.0% 3.0% 5.0% 7.0%

Interest rate
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VaR and ES for Bonds

® Bond prices are a non-linear function of interest rates
® So we cannot directly apply the return-based VaR and ES methods from Chapters
4 and 5

Instead, we use a first-order (duration) approximation to linearise the relationship
— the alternative is full revaluation by simulation, as in Chapter 7

There are several ways to derive this; here we present the result, as a formal
derivation is analogous to the one we will later give for options
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Modified Duration

® From here on, assume a flat yield curve with parallel shifts, so r, = r for all n and
we drop the subscript

® The modified duration, D, measures how sensitive the bond price is to interest rate
movements, as the negative first derivative of the pricing function divided by price

N
1dV 1 ncp
D:——iz— D
dr nzz:l(l—i—r)”“

® |t is measured in years, and a yield change enters as a decimal, so one percentage
point is 0.01 and one basis point is 0.0001
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From Duration to Price Changes

® First-order Taylor expansion around the current yield:

%4
V(r+dr)= V(r)+ d—dr
dr
® So the change in price is:
dv
dP ~ —d
dr r
® Since D = —%d\r/, we have d‘r/ = —D x P, giving:
P
% ~—D xdr
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Duration-Normal Approximation
Two steps to calculate bond VaR and ES

® The idea is to approximate bond price changes as a linear function of yield changes

1. Specify the distribution of daily yield changes, e.g.
drt =1rt —rt—1 ~ N(0,0’E)

2. Map distribution of interest rate changes onto distribution of bond price changes
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Duration-Normal VaR

® Suppose the distribution of interest rate changes is given by
dr ~ N (0,0?)

but we could use almost any distribution

® The relative bond price change is approximately the modified duration times the
interest rate change
drF Pr—FPia

~ —D
2 Py x dr
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Duration-Normal VaR

¢ To simplify, normalise the current bond price to ~;_1 = 1 (per-unit notional; scale

back by portfolio value ©/ for the final VaR)
® The simple return then equals the price change:

Re=-—t "1 _p,_1=dP~-Dxdr
t—1

® If we also assume the expected dr = 0, since daily drift is negligible next to daily

yield volatility

R, Appro>:\iJmate|y N (0’ (O'rD)Z)

[ ]

Now the VaR follows directly:

VaR(p) = —D x o, x " }(p) x
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Duration-Normal ES

® Under normality, ES follows directly from VaR
® Recall from Chapter 5 that for a normal distribution:
¢—1
ES(p) =0 x (e (p)) X 1)
p
® Substituting the duration-adjusted volatility o,D:
(o
ES(p) = D x o, X e (p) (p ))
p
[ )

The same accuracy limitations apply as for duration-normal VaR
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Accuracy of Duration-Normal VaR and ES

® The accuracy of these approximations depends on the magnitude of duration and
the time horizon

® Main sources of error are assumptions of linearity and flat yield curve

® We now explore this graphically, for a one year and a fifty year bond
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Convexity and VaR/ES

¢ Duration approximation can be improved by adding a second-order (convexity)
term

But convexity only reduces the error — material bias can remain for large shocks
or multi-factor curve moves

Higher-order terms add mathematical complexity, especially for bond portfolios

® For these reasons, Monte Carlo methods are generally preferred
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Options
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Options

® An option gives its owner the right, but not the obligation, to call (buy) or put
(sell) an underlying asset at a strike price on a fixed expiry date

® European options can only be exercised at expiry
® American options can be exercised at any point up to expiry
® We will focus on European options, but the basic analysis could be extended to
many other variants

Bib
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Black-Scholes (BS) Equation for European Options

Black and Scholes (1973) developed an equation for pricing European options
Refer to the BS pricing function as V()

All timing in option math is annual
® An option that expires in 6 months has 0.5 maturity
Calendar time for expiry is T (like 15 June 2029)

® Time to expiry is 7, measured in years
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Black-Scholes Mathematics

® The BS function for a European option Black and Scholes (1973)
put, = Xe " — Py 4 call;

call; = P® (d1) — Xe """ ® (dh)
where
log (P¢/X) + (rf + 03/2) (1)
oaT
log (P¢/X) + (rr — 03/2) (7)
oaNT

d =
:dl_Ua\/F
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Black-Scholes Equation

® Value of an option is affected by many underlying factors

® Standard BS assumptions

® Flat non-random yield curve
® No dividends on the underlying
® The underlying price follows geometric Brownian motion (log returns are normal

with constant volatility)
® QOur objective is to map risk in the underlying asset onto an option
® This can be done using the option Delta and Gamma
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Option Value vs Underlying
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Delta

® The first-order sensitivity of an option with respect to the underlying price is
called Delta, defined as:

oV (P) ®(dh) call
b (dl) —1 put

® Call Delta is positive; put Delta is negative

® Delta approaches + 1 for deep-in-the-money options (depending on whether it is
call or put), is close to + 0.5 for at-the-money options, and approaches 0 for deep
out-of-the-money options
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Delta

® A small change in price, dP, changes the option price by approximately AdF, but
the approximation gets gradually worse as the price deviation becomes larger

® \We can graph the price of a call option for a range of underlying prices and two
different maturities to gauge the accuracy of the Delta approximation

® We let X =100, rr = 0.01 and o, = 0.2 and compare maturities of one and six
months
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Gamma

® The second-order sensitivity of an option with respect to the underlying price is
called Gamma, defined as:

- PV(R) _ o(d)

6 2 tO'a\/F
® Gamma is highest when an option is near the money and drops as the underlying
price moves away from the strike price
® We can see this by adding a plot of Gamma to the previous graph of option price
with one month to expiry

® Not surprising since the price plot increasingly becomes a straight line for deep
in-the-money and out-of-the-money options
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Gamma for the One Month Option
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VaR and ES for Options
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Delta-Normal Approximation

e Using the first-order Taylor approximation (Delta), we can approximate changes in
the option price as a function of changes in the underlying

® For a daily change in the underlying price, dP = Py — P;_1, the option price
changes approximately by

dV ~ Ad :A( t — t—l)

where A is the option Delta at time t — 1

® The derivation of VaR and ES for options parallels the one for simple returns in
Chapter 5
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Delta-Normal VaR

® Assuming daily returns on the underlying are N'(0,02), the VaR of an option on
one unit of the asset is

VaR,(p) = —|A| x 0 x d7Y(p) x Py

with the absolute value because A < 0 for puts while VaR is positive
® So the option VaR is just |A| times the VaR of the underlying

VaR,(p) =~ |A| VaR,(p)

® Here o is the daily volatility of the underlying, not the annual o, of
Black-Scholes, so o = 0,/v/250

® In practice, multiply by the number of contracts and the contract size, e.g. 100
shares per standard equity option
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Delta-Normal ES

Intro
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on VaR and ES
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As with bonds, ES follows directly from VaR under the same N/(0, o2) assumption

The ES for holding an option on one unit of the asset is:

-1
ESo(p) = |A| X 0 x M X Pe_q

Equivalently, in terms of the ES of the underlying:

ESo(p) ~ |A[ESu(p)

The same accuracy limitations apply as for Delta-normal VaR
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Quality of Delta-Normal VaR and ES

The quality of this approximation depends on the extent of non-linearities

® Better for shorter horizons
For risk management purposes, a poor Delta approximation to the option price for
large changes in the price of the underlying is clearly a cause of concern
Delta-normal implicitly assumes volatility and interest rates are fixed over the
horizon; in practice, vega (sensitivity to volatility) and rho (sensitivity to rates)
can also matter
Theta is a deterministic drift term, usually ignored at a one-day horizon but less
defensible for longer horizons or near expiry
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Delta and Gamma

We can also approximate the option price by the second-order expansion

dV ~ AdP + ir(dr)?
Since dF” is normal, (d )2

longer normal

is scaled chi-squared — so the distribution of dV is no

This means the simple normal closed forms disappear

For portfolios of options with different strikes and maturities, one typically uses
approximation methods or simulation

For these reasons, Monte Carlo methods are generally preferred
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Summary
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Summary

® We have seen that forecasting VaR and ES for options and bonds is much more
complicated than for basic assets like stocks and foreign exchange

® The mathematical complexity in this chapter is not high, but the accuracy of the
approximations falls away with curvature, horizon and shock size, and obtaining

higher accuracy requires much more complicated mathematics, especially for
portfolios
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Appendix: Delta-Normal VaR Derivation

Financial Risk Forecasting (© 2011-2026 Jon Danielsson - CC BY-NC-ND 4.0 - page 45 of 49



Intro Bonds: Duration VaR and ES Options Delta-Normal VaR and ES Summary Appendix Bib
000000000 0000000000000 00000000000 000000 oo 0®00 o

Delta-Normal VaR

® Simple returns on the underlying are

Pe— P

R, —
‘ Pe_1

and for short horizons we approximate them as [ID-normal with daily volatility o:

R: ~ N (0,07)
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Delta-Normal VaR

Derivation

® Denote VaR,(p) as the VaR of an option

~ Vi1 < —VaRo(p))

=P (Vi
( ( — Pe 1) < _VaRo(p))
“P(APr 1R < — VaRo(p)

p (Rt < _1V3R0(P))
o~ A Pi_i0
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Delta-Normal VaR

Derivation, continued

¢ Since R:/o is standard normal, the term in brackets is the normal quantile:
1 VaR,(p) -1
_ 9o\ g
A oo (p)
® Solving for the VaR:
VaR,(p) = —A o Py 197 (p)
[ ]

This derivation assumes A > 0 (call); for puts, the inequality reverses, which is
why the final result uses |A|
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