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Simulation Methods for VaR and ES for

Options and Bonds
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Roadmap

Statistical properties of market prices Practical implementation
volatility clusters, fat tails, nonlinear dependence data and Python
Volatility
univariate V0|at|||ty Risk
multivariate Value-at-Risk, Expected Shortfall
Implementin Analytical Simulation ] 3

P & y Market risk regulations
risk forecasts methods for derivatives methods for derivatives

Extreme market outcomes

endogenous risk

‘ Backtesting risk forecasts
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The Simulation ldea

® Use a computer to replicate many possible future market outcomes

Based on a model of price dynamics (e.g. normal returns)

Run a large number of simulations to create a sample distribution

Use this to estimate prices, payoffs, or risk measures like VaR and ES
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Why Simulation?

¢ Analytical methods (duration, delta) from Chapter 6 are limited
® Linear approximations that often assume normality and small price changes

® Widely used in practice: risk management, derivative pricing, and regulatory
compliance
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The Focus of This Chapter

® This chapter covers Monte Carlo (MC) simulation

1. Pseudo random number generators (RNGs)

2. Simulation pricing of options and bonds

3. Simulation VaR and ES for one asset and portfolios
4. Issues in Monte Carlo estimation
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Simulation Methods: Pros and Cons

Advantages Disadvantages
® Handles complex, nonlinear payoffs e Computationally intensive, especially
(e.g. options, credit derivatives) with many paths/assets
® Scales to large portfolios with mixed ® Sensitive to assumptions (e.g.
instruments distribution, model parameters)
® Flexible for scenario and stress ® Requires careful random number
testing control and convergence checking

® Harder to explain and audit than
closed-form models
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Calendar Time and Trading Time

® We use two different measures of time

Calendar time (365 or 366 days) used for interest rate calculations
Trading time (& 250 days) used for risk calculations

® This is because we earn interest every day

® But calculate volatilities only from days (trading days) when stock exchanges
open (Mondays to Fridays, excluding holidays)

® R and Python allow precise date calculations and have libraries with databases of
dates when various exchanges are open, which we do not need here but which
matter in applications
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Standard Notation (Hull, 2021)

Hull  Ours
S Price of underlying asset
K X Strike price Our notation so far has
T 7T Expiry date been standard in
t t* Current date empirical finance and risk.
T—t 7=7"T-—1t" Time to expiration (annual) Hull is the standard
roorf Risk-free interest rate (annual) textbook for derivatives.
y r Yield (annual) There is some clash in
o 0, Volatility (annual) notation between the two
N(-) &() Standard normal CDF areas, and we try to
¢, p call, put Call and put prices minimise the differences,
A A Option delta but some are unavoidable.
r r Option gamma
D D Modified duration
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Compounding Conventions

® Bonds use discrete compounding

(1+4r)"
® Black-Scholes uses continuous compounding
—reT

e

® Both are standard in their respective areas
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Notation New to This Chapter

Futures price

Index for simulation, like the st" simulated price
Annual s.d. of returns

Uniformly distributed random number

Number of simulations

How many basic assets are held

How many options are held

Xoxc-mtxmq w M
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Learning Outcomes

Understand the basic issues in Monte Carlo simulation
Know how to price a bond with simulations
Know how to price an option with simulations

Be able to obtain risk forecasts with simulations based on a single underlying asset

ok w0bd=

Be able to obtain risk forecasts with simulations based on a portfolio of underlying
assets

e

Know the basic strengths and weaknesses of simulation methods

7. Recognise the importance of setting the simulation size
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Other Reading

® Chapter 7 in Jon Danielsson. 2011. Financial risk forecasting. Wiley — accessible,
covers simulation pricing and VaR with R code

e John Hull. 2021. Options, Futures, and Other Derivatives. 10th. Upper Saddle
River, NJ: Pearson — the standard derivatives textbook

e Peter Christoffersen. 2011. Elements of Financial Risk Management. 2nd ed.
Academic Press — applied treatment covering simulation methods

® Paul Glasserman. 2004. Monte Carlo Methods in Financial Engineering.
Springer — the canonical reference on Monte Carlo methods in finance;
comprehensive and technically demanding, but the early chapters on simulation
fundamentals and variance reduction are accessible
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Random Numbers and Monte Carlo
Simulations
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Where Randomness Comes From

® Some physical processes are genuinely unpredictable — radioactive decay, thermal
noise — and hardware generators use them as entropy sources

® QOthers only look random — a coin toss is Newtonian mechanics we cannot
measure precisely enough to predict

® Simulation instead uses pseudo-random numbers, algorithmic sequences designed
to behave like random ones

® Being reproducible is a feature, not a defect — we want to rerun the same
simulation and get the same answer
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Pseudo Random Number Generators

® The fundamental input in Monte Carlo (MC) analysis is a long sequence of
random numbers (RNSs)

® (Creating a large sample of high-quality RNs is difficult

e Computers are deterministic, so they generate pseudo-random numbers via an
algorithm known as a pseudo random number generator (RNG)

® A particular RN is generated by a function of a previous RN
ﬁ;+1 - h(ﬂ,)

where i; is the i*" RN and h(-) is the RNG

® What we need is that the sequence behaves as IID draws from Uniform(0, 1),
since every other distribution is then obtained by transforming it
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Period of a Random Number Generator

Definition (Period)
An RNG's internal state eventually returns to an earlier value, after which the output
sequence repeats; the number of steps before this happens is called the period.

® Symptoms of low-quality RNGs include:

® Low period (RNG repeats itself quickly)
® Serial dependence
® Deviations from uniform distribution

Financial Risk Forecasting (© 2011-2026 Jon Danielsson - CC BY-NC-ND 4.0 - page 19 of 80
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A Classic RNG: Linear Congruential Generators

® No numerical algorithm generates truly random numbers

® The best-known RNGs are so-called linear congruential generators (LCGs), which
link the /™ and i + 1*h integers in the sequence via an integer state s;

siv1 = (a x si+ b) mod m

where a is multiplier; b is increment; m is integer modulus and mod is the
modulus function (remainder after division)

® The scaled output &; = s;/m is a discrete pseudo-uniform value on [0, 1) that
approximates a Uniform(0, 1) draw

® The first state in a sequence is called the seed, sy, and is usually chosen by the
user
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RNGs, Seed, Size and Period

® Think of the RNG as a closed loop, where each point is one random number and
the number of points is finite

® The seed sets where on the loop the sequence starts, and is chosen by the user
® The sequence generated is then an arc of that loop
® The size of the simulation determines the length of the arc

® The period is the number of values the RNG can generate before coming back
round to the start
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What We Use

e Main flaw of LCGs is serial correlation, which cannot be easily eliminated
® Better RNGs have far longer periods and spread their output evenly in high
dimensions

® The default in R, and in Python's random module, is the Mersenne Twister, with
a period of 219937 — 1~ 10%902? (a Mersenne prime) and equidistribution in 623

dimensions
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Weak Randomness and Hacking

Aside: why randomness quality matters beyond finance

® Encryption relies on randomness to protect secrets:
® Keys, nonces, and initialisation vectors

¢ |f the random numbers are predictable (for example, the seed or state can be
recovered):

® Hackers can guess or reconstruct your private keys
® Encrypted data becomes easy to decrypt
® Digital signatures can be forged

® Real-world attacks have exploited bad RNGs to steal data, forge identities, and
compromise systems
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Simulation of Bond Prices
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Bond Pricing

® Recall from Chapter 6 that the price of a bond is the present discounted value of

its cash flows, c,:
N
Cn
P = S L—
2 Wy

® Using a model of how interest rates move, we simulate yield curves one day ahead
and reprice the bond under each, giving the distribution of what the bond will be
worth tomorrow

Bib
(o]

Financial Risk Forecasting (©) 2011-2026 Jon Danielsson - CC BY-NC-ND 4.0 - page 25 of 80



Intro Simulations Bonds Options One asset VaR and ES Portfolio VaR and ES Simulation issues Bib
000000000000 00000000 00®0000000 0000000000000 0000000000000 0000000000 0000000000 o

Analytical Bond Pricing

® Suppose we have a bond with ten years to maturity, 7% annual interest, $10 par
value (that is, $0.70 coupon) and current market rates

{r,}1%, =(5.00,5.69,6.09,6.38,6.61,
6.79,7.07,7.19,7.30,7.40) x 0.01

® The bond has a current value of $9.85
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Simulated Bond Pricing

Assume here that the yield curve can only shift up and down and will not change
shape

Shocks to interest rate (changes), xs
xs ~ N (0,02)

We take a one-day horizon; the bond still has essentially ten years to maturity, so
its cash-flow dates are unchanged

The shocks in these illustrations are deliberately large so the curve shifts are
visible; a realistic one-day VaR would use a much smaller daily volatility, on the
order of 5 basis points

For the sake of demonstration, we set the number of simulations as B = 8, but
note that accurate estimates require many more simulations
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Simulated Bond Pricing

® The equation for the st simulated price, Ps, now becomes

N
Cn
pe=SN "
° ;(l—l—rn—i—xs)"

where r, + xs is the st simulated interest rate at year n

® Compare the eight bond prices obtained with B = 8 yield curve simulations with
the distribution of bond prices when B = 50, 000
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Density of Simulated Bond Prices: Normal Superimposed.
B = 50,000

0.4
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quantile quantile
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0.2

Density

0.1

I I
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0.0 : : :
10 11

Bond pri
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Allowing Yield Curve to Change Shape

Litterman and Scheinkman (1991)

® Key assumptions:

® Yield curve only shifts up and down
® Distribution of interest rate changes is normal

® The assumptions may be unrealistic in practice but it is relatively straightforward
to relax them

® |n practice it rotates and twists
® Can use principal components (PCA, see Chapter 3)
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How Principal Components Affect the Yield Curve

Yield Base + PC1 (level)
4 Base + PC2 (slope)

Base curve

Base + PC3 (curvature)

Maturity
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Simulation Pricing of Options
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Simulation Approach

® The price of a derivative is the discounted expectation of its final payoff under
risk-neutrality

® Risk-neutrality: all assets earn the risk-free rate on average, so we discount expected
payoffs at r¢

® Depends on the price movements of its underlying asset

o |f a sufficient number of price paths are simulated, we can use those to obtain an
estimate of the true price
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Option Pricing
Black and Scholes (1973)

® Get price of European options on non-dividend-paying stock where all
Black-Scholes (BS) assumptions hold
® Two primitive assets in BS pricing model:

® Risk-free asset with instantaneous and constant annual rate r¢
® Underlying stock price follows geometric Brownian motion with drift r¢ (log returns
are normal with constant volatility)

® The no-arbitrage futures price of stock for delivery at time T, is given by:
Fy = Pex e

® where 7 is the time to expiry (in years), measured from today

® At maturity, Fy = P+, so simulating the futures price is equivalent to simulating
the terminal spot price
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Analytical Option Pricing

® Suppose we have a European call option with
1. Current stock price P; = $50
2. 20% annual volatility, o,
3. 5% annual risk-free rate, r¢
4. Six months to expiration, 7 = 0.5
5. X = $40 strike price

® The Black-Scholes price is $11.0873
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From Simulated Prices to an Option Price

® \We simulate the terminal stock price at expiration and use it to calculate option
payoffs

® With a sufficient sample of terminal prices, we can compute the set of payoffs of
the option

® The Monte Carlo option price is then given by the PV of the mean of these payoffs
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Simulating a Stock Price Using Continuous Time

® The simplest model of a stock price in continuous time is geometric Brownian

motion
dP = rrPdt +o,PdW

® Then, daily log returns are
yt = log Pt — log Pt—1

® where t indexes a day
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The Log-Normal Correction

® The main complexity is due to expectation of a log-normal random number, that
is, if

x ~ N (u,0?)

® Then: the expected exp(x) is not exp(u) but
1,
Elexp(x)] = exp (n+ 50

e We apply a log-normal correction (subtract %02) to ensure that the expected
simulated price matches the theoretical forward price

® This gives the standard GBM simulation:
Py = Prexp ((rf — %03)7 + Uaﬁz) , z~N(0,1)
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Simulating the Terminal Price

Py« 50, X<+ 40, rr < 0.05 05+ 0.2, 7+ 05
B « 10°
fors=1,...,Bdo
draw es ~ N(0,1)
Xs (rf - %Ug) T+ 0a\/Te€s
F’T‘,s — Pt exs
payoffs <= max(Fy s — X, 0)
end for

© ® N s

1
call price <— e™"7 B S5 . payoff,

Financial Risk Forecasting (© 2011-2026 Jon Danielsson - CC BY-NC-ND 4.0 - page 42 of 80



Options One asset VaR and ES Portfolio VaR and ES Simulation issues Bib
o

Intro Simulations Bonds
0000000000000 0000000000 0000000000

000000000000 00000000 0000000000 0000000008000

Density of Simulated Futures Prices
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Density of Discounted Payoff Draws
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Comparing Simulation With Black-Scholes

® The average of the discounted payoff draws is the MC price estimate
® |n this case, R gives $11.08709, close enough to the Black-Scholes price of $11.0873

® How close the two are depends on B, which the simulation issues section later in
this chapter takes up

® Note the asymmetry in the density (result of log-normal distribution of prices)

® An individual draw is not a price, and quantiles of these draws are not risk
measures — for VaR and ES we simulate the underlying under the physical
measure and revalue, as in the next section
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Why Simulate If We Know the Answer?

® This was a demonstration — simulation gives the same price as Black-Scholes in
this simple case
® But the same framework applies to much more complicated options:

® Path-dependent payoffs (e.g. Asian, barrier options)
® Models with stochastic volatility or jumps
® (Cases where no closed-form solution exists

® And it scales to realistic portfolios, as we see next
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Simulation Estimation of Option VaR
and ES

Financial Risk Forecasting (© 2011-2026 Jon Danielsson - CC BY-NC-ND 4.0 - page 47 of 80



Intro Simulations Bonds Options One asset VaR and ES Portfolio VaR and ES Simulation issues Bib
000000000000 00000000 0000000000 0000000000000 0®00000000000 0000000000 0000000000

Monte Carlo VaR and ES Workflow

. Simulate future asset prices

. Revalue portfolio under each scenario

1

2

3. Compute profit/loss for each scenario

4. Construct the empirical distribution of outcomes
5

. Read off quantiles to obtain VaR; average beyond the quantile for ES

® \We demonstrate with options, but the same procedure applies to bonds and other
instruments
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Simulation Assumptions

® \We simulate returns under the physical measure — simply generating tomorrow’s
price to obtain a P&L distribution

e Options are revalued using a pricing model (e.g. Black-Scholes) conditional on the
simulated price

® Here we hold volatility fixed, and the yield curve flat and unchanging, though in
practice these can be simulated as additional risk factors

® We assume |ID normal returns

® Two different day counts

® Time to maturity uses calendar days, 1/365 per day
® Volatility is annualised using trading days, /250
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Intro Simulations Bonds Options One asset VaR and ES Portfolio VaR and ES Simulation issues Bib
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Two Approaches to Simulating Prices

® \We can simulate one-day-ahead prices using either arithmetic or log returns
® Arithmetic returns: Per1 = P(1 4 Ret1)
® Simpler; price can theoretically go negative (negligible over one day)
o [og returns: Pey1 = Prexp(yes1)
® Price is always positive; requires log-normal correction
® Both give nearly identical results for short horizons
® Note: this is not the futures price Fy = P.ef”
® Put rr back into the drift of the log-return simulation and it gives exactly the futures
price
® |n practice pick whichever is more convenient, and at the daily horizon we can
ignore the mean either way
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Simulating the One-Day-Ahead Price

® Arithmetic returns — simulate Ry+1 ~ N'(0,02), then
Pei1 = Pe(1+ Ret1)
® [og returns — simulate yyy1 ~ ./\/'(—%02, 0?), then

Pir1 = Prexp (ye+1)
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Simulation of VaR and ES for One Asset

Simulate the one-day return of an asset

Apply analytical pricing formulas to simulated one-day-ahead price

Obtain simulated profit or loss (¢s) as difference between tomorrow’s simulated
one-day-ahead values and today's known value

Calculate Monte Carlo VaR and ES from simulated profit or loss using the same
approach as in historical simulation
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Setup

® Consider an asset with price P; and IID normal returns, with one-day volatility o
and annual risk-free rate rr

® Number of units of basic assets held in a portfolio is denoted by x?, while x°
indicates number of options held

® Note we simulate the t + 1 price
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We Will Go Through a Series of Ever More Complicated Examples

1. Simulation of VaR and ES for one asset (no option)
2. Simulation of VaR and ES for one option

3. Simulation of VaR and ES for a portfolio of one option and one stock
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1. VaR and ES With One Basic Asset

Six-step procedure for obtaining MC VaR and ES

1. Compute initial portfolio value:

l)t = Xth
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1. VaR and ES With One Basic Asset

Six-step procedure for obtaining MC VaR and ES

1. Compute initial portfolio value:
l)t = Xth
2. Simulate B one-day returns

Rit1s ~ N (0,02), s=1,..,B
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1. VaR and ES With One Basic Asset

Six-step procedure for obtaining MC VaR and ES

1. Compute initial portfolio value:
Ve = bet
2. Simulate B one-day returns
Ret1s ~ N (0,0%), s=1,..,B
3. Calculate the one-day-ahead s™ simulated price:

Piy1s = Pe(1+ Reg1s)
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1. VaR and ES With One Basic Asset

Six-step procedure for obtaining MC VaR and ES

4. Calculate the st™ simulated one-day-ahead value of the portfolio:

( b
’)H—l,s =X Pt+1,s
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1. VaR and ES With One Basic Asset

Six-step procedure for obtaining MC VaR and ES

4. Calculate the s simulated one-day-ahead value of the portfolio:
Jer1s = XPP
Ut+l,s = X Mt4+1s

5. The st simulated profit or loss is then:

dt+1,s = 15)t+1,s —
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1. VaR and ES With One Basic Asset

Six-step procedure for obtaining MC VaR and ES
4. Calculate the s simulated one-day-ahead value of the portfolio:
Uty1s = Xth+1,s
5. The sth simulated profit or loss is then:
Gt41,s = Ver1s — Ut

6. VaR can be obtained directly from the vector of simulated profit or loss,

{Qt+1,s}_§:1

for example, VaR(0.01) is the negative of the 1% smallest value; ES(0.01) is the
negative of the mean of all values below this quantile
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2. VaR and ES With an Option

Modified six-step procedure

® For options we need to modify the procedure
® Let V(-) denote the BS pricing function and suppose we have x° options

® We replace steps 1 and 4 and come up with the following procedure
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2. VaR and ES With an Option

Modified six-step procedure

1’. Initial portfolio is
l)t — XOV(PUX?TaUaa I’f)
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2. VaR and ES With an Option

Modified six-step procedure

1’. Initial portfolio is
'l)t :XOV(IDt,X,T,O'a,rf)

2. Simulate B one-day returns

Ret1s ~N(0,6%), s=1,...B
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2. VaR and ES With an Option

Modified six-step procedure

3. Calculate the one-day-ahead price:

Piyts = Pe(1+ Reg1s)
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2. VaR and ES With an Option

Modified six-step procedure

3. Calculate the one-day-ahead price:
Pei1,s = Pe(14+ Reqis)

4’. The st simulated one-day-ahead value of the portfolio is

1
'l)t+1’5 = XOV <Pt+1,s,X,T - ﬁao—aa rf>
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2. VaR and ES With an Option

Modified six-step procedure

5. The s™ simulated profit or loss is then:

At+1,5s = I)t—l-l,s —
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2. VaR and ES With an Option

Modified six-step procedure

5. The s™ simulated profit or loss is then:
dt+1,s = l)t+1,s — Ut
6. VaR can be obtained directly from vector of simulated profits or losses,

{Qt+1,s}f:1

for example, VaR(0.01) is the negative of the 1% smallest value; ES(0.01) is the
negative of the mean of all values below this quantile
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2. MC VaR and ES of Option

® One call option with strike price X = 100 and 3 months to expiry
e Using P; =100, o = 0.01, rr = 5%, B = 107
® R gives VaR(0.01) of $1.23
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2. Density of Simulated Profits or Losses

Normal distribution superimposed

0.8+
VaR
1%

Density
o
T

0.0— | |
0 1

Profit/Loss
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3. VaR and ES With an Option and a Stock

Modified six-step procedure

® Now consider the case of a portfolio with both a stock and option(s) on the same
stock

® Suppose we only have one type of option

® As in the case where we only had one option on a basic asset, we replace steps 1
and 4
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3. VaR and ES With an Option and a Stock

Modified six-step procedure

1”. Initial portfolio is
Je = xPP, +x°V (P, X, 7,04, rf)

Financial Risk Forecasting (© 2011-2026 Jon Danielsson - CC BY-NC-ND 4.0 - page 59 of 80



Intro Simulations Bonds Options One asset VaR and ES Portfolio VaR and ES Simulation issues Bib
000000000000  OOOOO000O0 0000000000 0000000000000 000000000000e 0000000000 0000000000 o

3. VaR and ES With an Option and a Stock

Modified six-step procedure

1”. Initial portfolio is
Ut =xPPe 4+ xV (P, X, 7,04, rf)

2. Simulate B one-day returns

Ret1s ~N(0,6%), s=1,...B
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3. VaR and ES With an Option and a Stock

Modified six-step procedure

3. Calculate the one-day-ahead price:

Piyts = Pe(1+ Reg1s)
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3. VaR and ES With an Option and a Stock

Modified six-step procedure

3. Calculate the one-day-ahead price:
Pei1,s = Pe(14+ Reqis)

4” . The st simulated one-day-ahead value of the portfolio is

1
l)t+175 = Xth+1,s +XOV <Pt+175,X,7— - ﬁ)o—aa rf)
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3. VaR and ES With an Option and a Stock

Modified six-step procedure

5. The s™ simulated profit or loss is then:

At+1,5s = I)t—l-l,s —
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3. VaR and ES With an Option and a Stock

Modified six-step procedure

5. The s™ simulated profit or loss is then:
dt+1,s = l)t+1,s — Ut
6. VaR can be obtained directly from the vector of simulated profits or losses,

{Qt+1,s}f:1

for example, VaR(0.01) is the negative of the 1% smallest value; ES(0.01) is the
negative of the mean of all values below this quantile
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Simulation of Portfolio VaR and ES
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More Than One Asset

® The previous section had a single underlying asset, so one univariate simulation
was all we needed

e A portfolio has several underlying assets, and their returns move together

® That dependence is the covariance matrix X from Chapter 3, and from here on
we have to deal with it

® So the simulation now draws a vector of correlated returns — and that is the only
thing that changes

® Prices follow from returns and portfolio value by summing across holdings, exactly
as before
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Generating Correlated Normal Returns

Start with a vector of independent standard normals, z ~ N(0, 1)

Transform it with the Cholesky decomposition L of ¥
r=1Lz, L' =%

so that Var(r) = X

® [ is a matrix square root, and a matrix has many — requiring L to be lower
triangular picks out one, which is why Cholesky is the standard choice

It needs 3 positive definite, while covariance matrices are only positive
semidefinite in general
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A Two-Asset Example

® Suppose we have two non-derivative assets with daily return distribution

0.0001  0.00006
N (0’2 - ( 0.00006  0.0004 >>

® |ts Cholesky factor is

., ( 0.01 0 0.01 0.006
»=L= ( 0.006 0.0191 > ( 0 0.0191 )
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A Two-Asset Example

One simulated draw

e Draw two independent standard normals, say z = (-2, 1)

® The correlated returns are

L, 0.01 x (—2) [ —2.0%
~\ 0,006 x (—2)+0.0191 x1 ) ~ \ 0.71%

® With equal weights the portfolio return is

Rr = 2(—2.0%) + 3(0.71%) = —0.645%
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Notation

The notation becomes cluttered for the multivariate case

There are K assets, and we hold

® xb — units of each basic asset

® x° — number of options on each

Now we have to denote variables by time period, asset and simulation

We let P s denote the sth simulated price of asset k at time t, that is:

Ptime,asset,simulation = Pt,k,s
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Portfolio VaR and ES for Basic Assets

Six-step procedure for obtaining MC portfolio VaR and ES

1. Compute initial portfolio value:

K
Je=> x¢Pex
k=1
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Portfolio VaR and ES for Basic Assets

Six-step procedure for obtaining MC portfolio VaR and ES

1. Compute initial portfolio value:

K
l)t = ZXI?PI’,/(
k=1
2. Simulate a vector of one-day returns from today to tomorrow

Rey1,s ~ N (0,X)
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Portfolio VaR and ES for Basic Assets

Six-step procedure for obtaining MC portfolio VaR and ES

3. The st simulated one-day-ahead price of asset k is:

Periks = Pek (1 + Reg1k,s)
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Portfolio VaR and ES for Basic Assets

Six-step procedure for obtaining MC portfolio VaR and ES

3. The st simulated one-day-ahead price of asset k is:

Peyiks = Pek (1 + Rev1k,s)
4. The s™ simulated one-day-ahead value of the portfolio is:

K

: b
Jig1,s = E X P41k,
k=1
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Portfolio VaR and ES for Basic Assets

Six-step procedure for obtaining MC portfolio VaR and ES

5. The s™ simulated profit or loss is then:

At+1,5s = I)t—l-l,s —
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Portfolio VaR and ES for Basic Assets

Six-step procedure for obtaining MC portfolio VaR and ES

5. The s™ simulated profit or loss is then:

At+1,5s = I)t—l-l,s — U

6. VaR and ES can be obtained directly from the vector of simulated profits or losses,

{Qt+1,s}f:1

as before
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Portfolio VaR and ES for Options

Modified six-step procedure

® For options, we need to modify steps 1 and 4 from the procedure outlined above
® Similar to modifications for the univariate case before

® For simplicity suppose the portfolio has only one option per stock
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Portfolio VaR and ES for Options

Modified six-step procedure

1’. Initial portfolio is

K

= (Xfpt,k + XV (P Xies Tk, O ayks ff))
k=1
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Portfolio VaR and ES for Options

Modified six-step procedure

1’. Initial portfolio is

K

Uy = Z (X/fPt,k + XV (Pt Xies Tk Ta ks ff))
k=1

2. Simulate a vector of one-day returns from today to tomorrow

Rt+175 ~ N(O, 2)
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Portfolio VaR and ES for Options

Modified six-step procedure

3. The st" simulated one-day-ahead price of asset k is:

Periks = Pek (1 + Reg1k,s)
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Portfolio VaR and ES for Options

Modified six-step procedure

3. The st simulated one-day-ahead price of asset k is:

Peiks = Pek (1 + Rep1ks)

4’. The st™ simulated one-day-ahead value of the portfolio is

K

b
l)t—i-l,s = E (Xk 'Dt+1,k,s
k=1

1
+XI?V (Pt+1,k757Xk7Tk - ﬁ’aa»lﬂ rf))
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Portfolio VaR and ES for Options

Modified six-step procedure

5. The s™ simulated profit or loss is then:

At+1,5s = I)t—l-l,s —
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Portfolio VaR and ES for Options

Modified six-step procedure

5. The s™ simulated profit or loss is then:

At+1,5s = I)t—l-l,s — U

6. VaR and ES can be obtained directly from vector of simulated profits or losses,

{Qt+1,s}f:1

as before
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Richer Portfolios

The example was deliberately simple — one stock and one option written on it

Nothing stops us holding several options on the same stock, with different strikes
and maturities, and some of them exotic rather than plain European
The underlying assets need not be stocks
® FX, commodities and crypto are handled exactly as stocks are, simulating their own
returns
® Bonds are revalued from a simulated yield curve, as in the bond section earlier in this
chapter and in Chapter 6
One portfolio can hold all of them at once

® Simulate every risk factor jointly, revalue each position under each scenario, and sum
® The procedure does not change — only steps 1 and 4 get longer
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Richer Distributions

We drew the innovations from a multivariate normal, which is convenient but not
required
The simulation only needs some way to generate return vectors

® A multivariate Student-t, for fatter tails

® The empirical distribution — resample past return vectors, which is historical
simulation inside the Monte Carlo loop

® A conditional volatility model from Chapter 3, so that the covariance is 3;,1 rather
than fixed

Resampling whole vectors keeps the dependence that was in the data, without
having to specify 3 at all

Everything downstream is untouched — revaluation, profit and loss, and the
quantiles are the same whatever generated the returns
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Issues In Simulation Estimation
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Simulation Issues

® Monte Carlo simulation is powerful — but only if implemented carefully
® Two quite different things can go wrong

® The model and its parameters decide what we are estimating
® The RNG and the simulation size decide how precisely we estimate it

® This section is about the second, where two issues dominate

1. Quality of RNG and transformation method
2. Number of simulations
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Quality of RNG

e MC simulation is not only dependent on quality of the underlying stochastic
model, also depends on quality of the RNG used
® | ow-quality generators give biased or inaccurate results
® For example, a simulation size of 100 with period of 10 will repeat same calculation
10 times

® Complicated portfolios may demand large number of RNs and therefore
high-quality RNGs
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Choosing Simulation Size: Trade-offs

® Choosing appropriate number of simulations is important

® Too few give inaccurate answers
® Too many waste time and computer resources

® |n special cases formal statistical tests provide guidance, but usually informal
methods have to be relied upon
® By the central limit theorem, the sampling error of the MC mean shrinks at rate

1/VB

® Quantile estimates (like VaR) converge at the same rate but are less precise because
few simulations fall in the extreme tail; ES estimates share this problem

® The standard error of a quantile estimate depends on 1/f(q,) where f is the density
at the quantile — the smaller f(g,), the noisier the VaR estimate

® This needs a positive density at the quantile, and ES needs finite tail moments as
well — in fat tails both hold badly, so the constant multiplying 1/\/§ is large even
though the rate is unchanged
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Practical Guidance for Simulation Size

® Best way is to simply increase number of simulations and see how MC estimate
converges

® Rule of thumb: Sufficient simulation size when numbers have stopped changing
up to three significant digits

® But one cumulative path can flatten out by chance, so this is a visual check and
not a measure of Monte Carlo error — for that, use repeated batches or
confidence intervals

e We can also compare convergence of MC estimate to the true (analytical) price
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Cumulative MC Estimates
Comparison with analytical Black-Scholes price

11.1- A f\ A
\/\/ IV Black-Scholes price
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Simulations
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Convergence of MC Estimate

Comparison with analytical Black-Scholes price

® We computed the analytical call price of $11.0873 on slide 37

The graph compares MC estimates for different simulation sizes with the true price

It seems to take about 5000 simulations to get three significant digits correct

® However, there are still fluctuations in the estimate for 5 million simulations
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Convergence of MC VaR and ES Estimates

® ook at the convergence of MC VaR and ES estimates as the simulation size
increases

e Graph MC VaR for a stock with daily volatility 1% along with 99% confidence
intervals
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Convergence of MC VaR and ES Estimates

With 99% confidence intervals

I I I I
102 10° 10* 10°

Simulations
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Simulation VaR and ES: Key Takeaways

Simulation is flexible and widely applicable

Especially useful for portfolios with options and non-linear risk

® Quality of inputs (RNGs, assumptions, pricing models) matters enormously
® More computationally expensive — but increasingly feasible
[ ]

A crucial tool for modern risk management
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