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Licence

• These slides are licensed under Creative Commons BY-NC-ND 4.0
(creativecommons.org/licenses/by-nc-nd/4.0)

• Non-commercial use is permitted, but not distribution of modified versions

• Material credited to a source on the slide itself is excepted and remains with its
original owner
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Backtesting and Stress Testing
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Introduction

• When making a risk forecast (or any type of forecast)

• It is important to validate the forecast

Ex post: validation after outcomes are observed — operational criteria,
whether the model delivers what we expect of it once it is put into
use

Ex ante: validation before observing outcomes — based on theory, design or
past performance

• Backtesting answers that question without waiting, by checking how a VaR
forecast model performs over a period in the past

• In backtesting, we are effectively predicting known history as the outcomes have
already been observed

• VaR violations are infrequent, so a long testing period is required
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Why Backtesting Isn’t Foolproof

• While the idea of a backtest sounds good in theory, there are serious issues in
practice

• We return to this at the end of the chapter

• The fundamental issue is that the analyst conducting the backtest has knowledge
of future outcomes

• And therefore can adjust the forecast to perform too well
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The Focus of This Chapter

• Backtesting

• Violations and the violation ratio

• Application of backtesting

• Significance of backtests
• Bernoulli coverage test
• Testing the independence of violations

• Expected shortfall backtesting

• Problems with backtesting

• Stress testing, and recent stress events
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Notation New to This Chapter

WT Testing window size
T = WE +WT Number of observations in a sample

η Indicates whether a violation occurs
υ Count of violations
p VaR/ES probability level (e.g. 0.01)

VR Violation ratio
πij Transition probability
L Likelihood function
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Landscape of Backtesting Tests

• VaR backtests:
• Kupiec test Kupiec (1995) — unconditional coverage
• P. F. Christoffersen (1998) — adds independence
• Duration-based independence Christoffersen and Pelletier (2004) — picks up

higher-order clustering
• Basel traffic-light test (green/yellow/red zones)

• ES backtests:
• Bootstrap on standardised exceedance residuals McNeil and Frey (2000)
• The minimally biased test Acerbi and Székely (2019)
• Basel does not test ES directly — it relies on VaR at 97.5% and 99% alongside P&L

attribution
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Learning Outcomes

1. Understand the difference between operational evaluation and backtesting

2. Know why backtesting is important

3. Know the concept of violations

4. Know the concept of the violation ratio

5. Understand how to implement coverage and independence tests

6. Understand why ES needs a different approach, and know how it is backtested

7. Know the problems with backtesting, and what they mean for how a backtest is
read

8. Understand stress testing — scenario design and its limitations
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Other Reading

• Chapter 8 in Jón Dańıelsson. 2011. Financial risk forecasting. Wiley — accessible,
covers the Christoffersen testing framework with R code

• Peter Christoffersen. 2011. Elements of Financial Risk Management. 2nd ed.
Academic Press — applied treatment covering backtesting methods

• Alexander J. McNeil, Rüdiger Frey, and Paul Embrechts. 2015. Quantitative Risk
Management: Concepts, Techniques and Tools. Revised. Princeton University
Press — comprehensive treatment of backtesting and risk measure evaluation
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Backtesting
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What Is Backtesting?

• Procedure to evaluate a risk forecast by comparing it with the outcomes that
followed

• Applies to any risk measure — what changes is what we compare and how we
score it

• For VaR, a loss exceeding the forecast is a VaR violation
• Violations are expected occasionally, what matters is their frequency and timing
• They can be analysed in various ways

• For ES there is no such event to count, so a scoring function is used instead



Financial Risk Forecasting © 2011-2026 Jon Danielsson · CC BY-NC-ND 4.0 · page 15 of 111

Intro Backtesting Violations Demo Coverage Independence S&P-500 ES Problems Stress Testing Recent Stress Appendix Bib

Machine Learning Comparison

• Learn to forecast risk using a training sample

• Evaluate model in testing sample

• Conceptually similar to what we do here — the training sample is our estimation
window, the testing sample our testing window

• The difference is that our risk models are structured and interpretable, where
machine learning models are typically data-driven and flexible

• When the assumed structure is close to the true process, a structured model can
outperform a flexible one, particularly with samples as small as ours

• Whether it does is an empirical question — interpretability and modest data
requirements are separate advantages
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Elicitability
Gneiting (2011)

Definition (Elicitable)

A risk measure is elicitable if there is a scoring function whose expected value is
uniquely minimised by the true value of the measure

• A scoring function penalises a forecast once the outcome is observed
• Squared error elicits the mean, absolute error elicits the median
• The tick loss elicits a quantile, and hence VaR, yt ≤ −VaRt

• Uniquely minimised means reporting the true value gives a lower expected score
than any other report

• So the forecaster has no incentive to report anything else
• And averaging scores over the testing window ranks competing models
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Elicitability of VaR and ES
Fissler and Ziegel (2016)

• VaR, yt ≤ −VaRt , is elicitable, the tick loss being the relevant scoring function

L(yt ,VaRt) = (p − 1{yt ≤ −VaRt})× (yt + VaRt)

• VaR forecasts can therefore be ranked — the model with the lowest average score is
the best

• ES is not elicitable on its own
• There is no ES equivalent of yt ≤ −VaRt — the true ES is never observed, so no

single day tells us whether the forecast was breached
• Formally, no scoring function has its expected value uniquely minimised by the true

ES
• ES is, however, jointly elicitable with VaR, so the pair can be ranked together
• Elicitability governs ranking, not backtesting — ES can still be backtested, as we see

later in the chapter
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Usefulness of Backtesting

• Reveals whether a method underestimates or overestimates risk

• Identifies the weaknesses of risk forecasting methods
• Though it says little about the causes of those weaknesses

• Models that perform poorly during backtesting should be questioned on

1. Model assumptions
2. Parameter estimates
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Definitions

Definition (Estimation window (WE ))

The number of observations used to make each risk forecast, taken from the days
before the day being forecast

Definition (Testing window (WT ))

The data sample over which risk is forecast (that is, the days where we have made a
forecast)

T = WE +WT
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Forecasting VaR: Example

• Suppose you have ten years of data, 250 days a year, so T = 2,500

• The last day of the sample is 31 December 2025

• You want to forecast risk for 1 January 2026

• With an estimation window of WE = 500 days, that forecast uses 2024 and 2025



Financial Risk Forecasting © 2011-2026 Jon Danielsson · CC BY-NC-ND 4.0 · page 21 of 111

Intro Backtesting Violations Demo Coverage Independence S&P-500 ES Problems Stress Testing Recent Stress Appendix Bib

Forecasting VaR: Example (Cont.)

• To judge the model, roll the same window back through the sample

• The first estimation window is 2016 and 2017, giving the forecast for 1 January
2018

• The testing window is therefore WT = 2,000 days, or eight years

Start End VaR forecast
1/1/2016 31/12/2017 VaR(1/1/2018)
2/1/2016 1/1/2018 VaR(2/1/2018)

...
...

...
31/12/2023 30/12/2025 VaR(31/12/2025)
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Dates and Indices

• VaR forecasts can be compared with the actual outcome

• The daily 2016 to 2025 returns are already known

• Instead of referring to calendar dates (for example, 1/1/2016), refer to days by
indexing the returns, assuming 250 trading days per year:

• y1 is the return on 1/1/2016
• y2,500 is the return on the last day, 31/12/2025
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Testing

t = 1 Entire data sample t = T
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Testing

t = 1 Entire data sample t = T

t = 1 First estimation window t = WE
VaR(WE + 1)
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Testing

t = 1 Entire data sample t = T

t = 1 First estimation window t = WE
VaR(WE + 1)

t = 2 Second estimation window t = WE + 1
VaR(WE + 2)
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Testing

t = 1 Entire data sample t = T

t = 1 First estimation window t = WE
VaR(WE + 1)

t = 2 Second estimation window t = WE + 1
VaR(WE + 2)

t = 3 Third estimation window t = WE + 2
VaR(WE + 3)
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Testing

t = 1 Entire data sample t = T

t = 1 First estimation window t = WE
VaR(WE + 1)

t = 2 Second estimation window t = WE + 1
VaR(WE + 2)

t = 3 Third estimation window t = WE + 2
VaR(WE + 3)

.

..
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Testing

t = 1 Entire data sample t = T

t = 1 First estimation window t = WE
VaR(WE + 1)

t = 2 Second estimation window t = WE + 1
VaR(WE + 2)

t = 3 Third estimation window t = WE + 2
VaR(WE + 3)

.

..

t = T −WE Last estimation window t = T − 1
VaR(T )
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• The estimation window WE is set at 500 days, and the testing window WT is
therefore 2,000 days

t t +WE − 1 VaR(t +WE )
1 500 VaR(501)
2 501 VaR(502)
...

...
...

2,000 2,499 VaR(2,500)
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What We Have Set Up

• We now have a full set of risk forecasts from a rolling model

• Each forecast corresponds to a specific historical day

• We will now compare forecasts to actual returns and evaluate accuracy

• Key concepts: violations, coverage, independence
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Violation Ratios

Value-at-Risk
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VaR Violations — ηt

• If a financial loss on a particular day exceeds the VaR forecast, then the VaR limit
is said to have been violated

Definition (VaR violation)

An event such that

ηt =

{

1, if yt ≤ −VaRt

0, if yt > −VaRt .
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Counting Violations

• Count the violations υ1 and non-violations υ0:

υ1 =
T
∑

t=WE+1

ηt

υ0 = WT − υ1
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Violation Ratios

• Over many forecasts, we expect a certain number of violations

• The violation ratio compares what we observed to what we expected

Definition (Violation ratio)

VR =
Observed number of violations

Expected number of violations
=

υ1
p ×WT

• If the violation ratio is greater than one, the VaR model underforecasts risk

• If smaller than one the model overforecasts risk
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Estimation Window Length

• WE determined by the choice of VaR model and probability level

• Different methods have different data requirements

EWMA About 30 days
HS At least 300 days for VaR(1%)

GARCH 500 or more days
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Picking WE

• The estimation window should be sufficiently large to accommodate the most
stringent data criteria

• So if comparing EWMA and HS, use at least 300 for both

• Even within the same method, it may be helpful to compare different window
lengths

• Maybe compare HS with 300, 500 and 1,000 days

• Or GARCH with 500 and 5,000 days
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Testing Window Length

• VaR violations are infrequent events

• With a 1% VaR, a violation is expected once every 100 days, so that 2.5
violations are expected per year

• So the actual sample size of violations is quite small

• Causing difficulties for statistical inference

• At least 10 violations as a rough minimum, or four years of data

• Preferably more

• Even then, the tests that follow rely on asymptotic approximations that are poor
at such counts, so exact binomial or simulated critical values are preferable
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Violation Ratio Evaluation

• VR = 1 is expected, but how can we ascertain whether any other value is
statistically significant?

• A useful rule of thumb
• If VR ∈ [0.8, 1.2], the model is good
• If VR ∈ [0.5, 0.8], or VR ∈ [1.2, 1.5], the model is acceptable
• If VR ∈ [0.3, 0.5], or VR ∈ [1.5, 2], the model is bad
• If VR < 0.3 or VR > 2 the model is useless

• These ranges should be tightened as the testing window grows, since VR becomes
less variable

• As a first step, plot the actual returns and VaR together

• Then do a statistical test
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How Sample Size Affects the Violation Ratio

• Small samples → high variability in VR

• Larger samples → VR stabilises near one

• Confidence bounds get narrower

• We illustrate this by simulating repeatedly, first at a fixed sample size and then
varying it
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Violations over 1,000 Days
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Outcome — 1 simulations
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Outcome — 5 simulations
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Outcome — 100 simulations
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Simulation Estimation of Confidence Bounds

• Simulate the model many times and record VR each time

• The 1% and 99% quantiles of the simulated ratios give the empirical 98%
confidence interval
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98% Empirical Confidence Bounds
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Interpreting the Violation Ratio

• Simulating many samples gives us a benchmark for expected variation in VR

• These bounds help assess whether a model’s violation ratio is significantly
different from its expected value of 1

• A VR outside the 98% band is evidence against the assumed coverage, though it
does not say where the model goes wrong

• But statistical tests are needed to formalise this
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Demo
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How Do VaR Models React to Volatility Regimes?

• We compare different VaR models under extreme volatility shifts

• Start with synthetic data that abruptly transitions from high to low volatility

• Then, at the end of the chapter, we examine recent real-world crises: 2008, Covid,
the Ukraine war and Trump tariffs

• Pay special attention to how the various methods react to the collapse of volatility
to zero
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Volatility and VaR: Extreme Example
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Volatility and VaR: Extreme Example
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Volatility and VaR: Extreme Example
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Volatility and VaR: Extreme Example
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Volatility and VaR: Extreme Example
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Volatility and VaR: Extreme Example
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Summary: VaR Model Comparison

• The worst performing model is MA — it is always slow to react to regime changes

• Recall the discussion of MA limitations in Chapter 2

• EWMA reacts faster and is usually close to GARCH

• But GARCH is noisier for a while after the collapse, because its estimation
window still contains the high-volatility regime

• HS reacts only when an extreme return enters or leaves the window, and the
shorter the window the sooner that happens

• How quickly a model responds to changing volatility largely determines how well
its VaR performs
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Significance of VaR Backtests
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VaR Backtesting Framework

• We focus on the P. F. Christoffersen (1998) framework
• Unconditional coverage test, due to Kupiec (1995)
• Independence test (first-order Markov)

• Also relevant:
• Duration-based independence Christoffersen and Pelletier (2004) — more powerful

for higher-order clustering
• Basel traffic-light zones (green/yellow/red) — covered in Chapter 11



Financial Risk Forecasting © 2011-2026 Jon Danielsson · CC BY-NC-ND 4.0 · page 46 of 111

Intro Backtesting Violations Demo Coverage Independence S&P-500 ES Problems Stress Testing Recent Stress Appendix Bib

Two Backtesting Principles

Unconditional Coverage Do we get the right number of violations?

Independence Are violations randomly scattered over time?

• These tests use only the sequence of violations, so they apply whatever method
generated the VaR forecasts
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Testing Violations

• We can test whether we get the expected number of violations and if there are
patterns in the violations:

1. The number of violations (tested by the unconditional coverage)
2. Clustering (tested by independence tests)

• If the model is correctly specified, ηt should be a Bernoulli random variable with
success probability p (the VaR level)
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Distribution of Violations — Bernoulli

• We have a sequence of returns, VaR and violations ηt

days

y

VaR

η

1 2 3 4 5 6 7 8 9 10

-2.1 1.4 -5.2 2.3 0.4 -3.7 4.1 0.1 3.2 -0.2

1.9 2.0 2.1 2.0 2.1 2.2 2.3 2.2 2.3 2.4

1 0 1 0 0 1 0 0 0 0

• Each ηt is either 1 or 0

• And hence, if the model is correct, each ηt follows the Bernoulli distribution with
parameter p

• Note that the sequence starts at WE + 1 and ends at T and is hence WT long

• The Bernoulli probability mass function (on day t) is given by:

(1− p)1−ηt (p)ηt , ηt = 0, 1
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Unconditional Coverage

• Does the observed number of violations match the number expected under p?
• For a VaR(1%) backtest, we would expect to observe a violation 1% of the time
• If violations are observed more often, the VaR model is underestimating risk
• And similarly if we observe too few violations

• However, unconditional coverage alone is insufficient when violations are clustered
in time (see the independence test below)
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Bernoulli Coverage Test

• We can test if the sequence {ηt}
T
t=WE+1 has the expected number of 1s and 0s

• The null hypothesis for VaR violations is:

H0 : η ∼ Bernoulli(p)
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Estimation

• The sample probability, p̂, can be estimated by the average number of violations

p̂ =
υ1
WT

• The sample Bernoulli probability mass function (on day t) is given by:

(1− p̂)1−ηt (p̂)ηt , ηt = 0, 1
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Likelihood Ratio Test

• We test whether the observed violation rate p̂ equals the specified p using a
likelihood ratio test:

LR = 2 log
(1− p̂)υ0(p̂)υ1

(1− p)υ0(p)υ1
asymptotic

∼ χ2
(1)

• Reject the null hypothesis at 5% significance if LR > 3.84 Derivation
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Independence Property
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Distribution of Violations

• If violations tend to appear in clusters, something is wrong

• A good risk model should adapt quickly after a breach and not allow repeated
surprises

• The indicator ηt = 1 (violation), ηt = 0 (no violation) should look random

• Suppose the violations cluster

days

y

VaR

η

1 2 3 4 5 6 7 8 9 10

-2.11.4 -5.2 2.30.4-3.7 4.1 0.1 3.2 -0.2

1.92.0 2.1 2.02.12.2 2.3 2.2 2.3 2.4

10 1 001 0 0 0 0

• Then we are violating the independence property
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Independence Test
P. F. Christoffersen (1998)

• Do two violations follow each other?

• They should not cluster, because if consecutive violations are more frequent than
implied by the hit rate, we can predict tomorrow’s violation from today’s

• A good conditional model responds to the new information in the large return
that caused the violation

• We test this using a first-order Markov chain that only considers yesterday’s
violation state
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The Independence Null
P. F. Christoffersen (1998)

• Under the null of no clustering, the chance of a violation tomorrow does not
depend on whether today was a violation

• Write πij for the probability of going from state i today to state j tomorrow, the
states being violation and no violation

• The null is then a single restriction

π01 = π11

• The probability of that happening is not the VaR level p — that restriction is
tested separately by the coverage test Construction
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Likelihood Ratio Test

• Compare the likelihood with the restriction imposed against the one without it,
each at its own estimates

LR = 2 (ℓU − ℓR)
asymptotic

∼ χ2
(1)

• Reject independence at 5% significance if LR > 3.84 Derivation
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Problems With the Independence Test

• The main problem with tests of this sort is that they must specify the particular
way in which independence is breached

• The test only detects first-order dependence (one-day memory)

• However, there are many possible ways in which the independence property is not
fulfilled:

• Suppose violations arrive in a repeating pattern 0,0,1,1,0,0,1,1,. . .
• Its first-order transition rates match independence, yet the two-day-ahead

dependence is perfect — the test cannot detect such higher-order clustering patterns

• Despite these limitations, the independence test detects models that react too
slowly to changing risk
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Backtesting the S&P-500

• We now run the tests on real data, taking the S&P-500 as the example

• VaR at 1%, forecast by four models — MA, EWMA, HS and GARCH

• Each forecast uses a rolling estimation window of 1,000 days

• For each model we report the coverage and independence test statistics with their
p-values

• Two historical samples, 1998 to 2009 and 1998 to 2006
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Testing S&P-500

Period Model Coverage test Independence test
Test statistic p-value Test statistic p-value

1998–2009 EWMA 18.1 <0.01 0.00 0.96
MA 81.2 <0.01 7.19 0.01
HS 24.9 <0.01 4.11 0.04

GARCH 16.9 <0.01 0.00 0.99

1998–2006 EWMA 2.88 0.09 0.68 0.41
MA 6.15 0.01 2.62 0.11
HS 0.05 0.82 1.52 0.22

GARCH 1.17 0.28 0.99 0.32
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Summary of Backtesting Results

• Coverage test failures indicate systematic under- or over-estimation of risk

• Independence test failures reveal clustering, which can come from slow
adaptation, omitted dynamics or a misspecified tail

• MA consistently performs worst — slow to adapt to changing volatility

• GARCH and EWMA tend to pass independence but may still fail coverage

• Extending the sample through 2008 makes every model fail coverage, where only
MA fails to 2006
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Expected Shortfall Backtesting
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Why Expected Shortfall Is Hard to Backtest

• ES depends on the full shape of the tail

• Unlike VaR, ES is:
• Not elicitable on its own — no scoring function is uniquely minimised by the true

ES, so ES forecasts cannot be ranked in isolation

• Result: Traditional frequency-based backtesting (counting violations) does not
apply

• ES backtests are necessarily approximated and unavoidably sensitive to VaR
prediction errors

• Several ES backtests have been proposed; we focus on the Acerbi–Székely test
Acerbi and Székely (2019)



Financial Risk Forecasting © 2011-2026 Jon Danielsson · CC BY-NC-ND 4.0 · page 64 of 111

Intro Backtesting Violations Demo Coverage Independence S&P-500 ES Problems Stress Testing Recent Stress Appendix Bib

ES Backtest: Intuition
Acerbi and Székely (2019)

• Since ES cannot be tested directly via violation counting:
• Define a test statistic that penalises ES forecast errors

• Key insight: on days when VaR is breached, the excess loss beyond VaR should on
average equal ES−VaR

• If losses are systematically larger (or smaller), the ES forecast is wrong
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ES Backtest — Test Statistic

• The test function takes both forecasts and the realised outcome

ZES(ESt ,VaRt , qt) = ESt −VaRt −
1

p
(−qt − VaRt)+

• ESt −VaRt is what the model predicts — how much worse than VaR the average
tail loss should be, known before the day starts

• 1
p
(−qt − VaRt)+ is the realised counterpart, zero on most days and large on a

violation
• (x)+ = max(x , 0), so the term switches on only when the loss exceeds VaR
• Violations occur a fraction p of the time, so dividing by p puts the two terms on the

same scale

• Under correct forecasts the two have the same expectation, so E[ZES] = 0

• Both forecasts enter, which is why the test is sensitive to errors in VaR as well as
ES
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Bias in the Test

• The test needs a VaR forecast as an input, and VaR has to be estimated

• So the expected score carries a bias

E[ZES] = ESt −EStruet −B(VaRt), B(VaRt) ≥ 0

• The bias is positive whichever way the VaR error goes Why

• It enters with a minus sign, so it works against accepting the null

• A model that passes in spite of it is therefore more convincing, while a rejection
may reflect the VaR error rather than the ES forecast

• The bias is small when VaR is roughly right — negligible within ±15%, still small
within ±40%
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Obtaining the Test Distribution

• The realised statistic averages the daily score over the testing window

Z̄ =
1

WT

T
∑

t=WE+1

ZES(ESt ,VaRt , qt)

• Underprediction of ES makes Z̄ negative, overprediction makes it positive

• The distribution of Z̄ under the null depends on the forecast model, so there is no
universal reference distribution

• The p-value comes from a Monte Carlo test under the null — redraw the P&L
from the model’s own predictive distributions, holding the forecasts fixed Detail
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Limitations and Practical Considerations

• ES backtests are approximate, remaining sensitive to errors in the VaR prediction

• The score is evaluated on every day of the testing window, not only on violation
days

• Days without a violation contribute ESt −VaRt

• Violation days add the scaled excess loss beyond VaR

• The ES test is more demanding to implement than the VaR test
• The VaR statistic is binomial whatever the model, so two numbers a day suffice
• The ES p-value needs the whole predictive distribution stored each day, then

resampled
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Problems with Backtesting
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Structural Breaks

• A backtest tells us how a model performed over one particular past sample, and
structural breaks limit what that implies for the future

• Financial markets are continually evolving
• New technologies, assets, markets and institutions affect the statistical properties of

market prices
• The statistical properties of market data in the 1990s are unlikely to be the same as

today
• So a risk model that worked well then might not work well today

• Breaks also make the estimation window less representative of the day being
forecast, which shows up in the backtest as poor performance for models that
adapt slowly
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Intellectual Integrity

• The analyst always knows what happened in the testing window, so no ex ante
knowledge is not an attainable standard

• What matters is whether that knowledge gets used

• If we iterate the process, continually refining the risk model with the same test
data

• the model is fitted to those particular outcomes
• and the nominal significance levels no longer apply

• This is data snooping (White 2000; Sullivan, Timmermann, and White 1999), so
the actual confidence bounds are wider than the testing suggests

• Partial remedies are holding back a sample never used for model selection, rolling
out-of-sample evaluation and fixing the comparison in advance
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Stress Testing
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Stress Testing

• VaR and ES estimates reflect the historical data they are fitted to

• But what happens during extreme events that fall outside historical experience?

• Stress testing creates artificial market outcomes to assess how risk management
systems cope

• The main aim is to identify scenarios that are not well represented in recent data
but are possible and detrimental

• Required by regulators — banks must demonstrate resilience to severe but
plausible shocks
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Types of Stress Tests

• Sensitivity — shock one risk factor at a time (+100 bp rates, −10% equity)

• Historical — replay a past crisis window (2008–09, 2020 Q1)

• Hypothetical — forward-looking narrative combining multiple shocks (pandemic
plus stagflation)

• Reverse — search for the smallest scenario that breaches a capital or liquidity limit
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Forward and Reverse Stress Test

Scenario Pricing Stressed P&L

forward

reverse — fix the loss, solve for the scenario
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Examples of Historical Scenarios

Scenario Period
Stock market crash October 1987
Asian currency crisis Summer 1997

LTCM and Russia crisis August 1998
Global crisis 2007–2009

Eurozone crisis 2010–2015
Brexit 2016

Covid-19 2020
Trump tariffs 2025

US-Israel-Iran tensions 2026
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Limitations of Stress Testing

• Scenarios are chosen subjectively, and there is no reliable way to attach a
probability to them

• A stress test asks “what if?”, not “how likely is this?”

• Losses depend on the revaluation model, so model error enters the answer
alongside scenario error

• Setting aside capital against the worst case is rarely practical — buying insurance
or reducing the exposure may be the better response

• Institution-level tests disregard feedback effects — endogenous risk means the
system-wide outcome can be far worse than the sum of the individual results
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Stressed VaR

• While there are several ways to do stressed VaR, here is a simple approach

• Suppose we have a sample 1, . . . ,WE , . . . ,T

• As an ex-post summary, a simple stress proxy is the largest VaR forecast observed
over the testing window:

SVaR = max
i=WE+1,...,T

VaRi
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Recent Stress Events
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Backtesting the S&P-500 in Times of Stress

• Make the estimation window 1,000 days

• Probability: 1%

• Portfolio value 1,000

• And compare GARCH, GARCH-t and historical simulation

• We then take a sample from the S&P-500 with some especially interesting
regimes

• The collapse of volatility after 2003 and the crisis in 2008
• Covid in 2020
• Russia-Ukraine war and inflation in 2022–2024
• Trump tariffs 2025
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S&P-500 2000 to Jul 2026
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S&P-500 2000 to Jul 2026
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(Almost) Global Crisis in 2008

• “Great Moderation” 2003-2007

• Followed by a crisis that hit many countries

• Started in August 2007 with a quant fund crisis Khandani and Lo (2011)

• Investors “went on strike” in July 2007

• Crisis peaked in September–October 2008

• Intensive crisis phase over by early December 2008

• Markets begin to recover in early 2009
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(Almost) Global Crisis in 2008
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(Almost) Global Crisis in 2008
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(Almost) Global Crisis in 2008
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(Almost) Global Crisis in 2008 — Zoom into Crisis
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Covid-19 2020

• Markets in China fall in February

• Rest of world starts in March

• 16 March worst day

• Markets recover quickly

• V-shaped crisis

• GARCH and GARCH-t are never violated, but only because VaR reaches 20% and
23% on 16 March — overshooting the 12.8% loss so far that the number stops
being usable
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2022-2024

• Russia invades Ukraine

• Very little impact on US (and hence S&P-500)

• Biggest impact on Germany

• The inflation shock that year and next more important
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Trump Tariffs

• Initial market reaction to Trump positive

• Shock on announcement dates

• Very quick recovery

• What do you think these results say about the market consensus on the impact of
Trump?
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What We Learn from Backtesting in Crisis

• VaR models differ in responsiveness to regime shifts

• GARCH can overshoot after volatility collapses

• Real-world backtesting reveals limits of statistical calibration

• Visual inspection complements formal testing
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Direct Comparison

• A direct comparison shows that most of the HS violations are at the height of the
crisis

• While GARCH is more evenly distributed throughout the sample

• And interestingly may not be violated on the worst day of the crisis

• Why do you think that is the case?

• These results confirm what we have found for the same methods in other cases
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Appendix: Coverage Test Derivation
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Bernoulli Likelihood

• Recall from Chapter 2 that the likelihood function is the product of the time t
densities, here probability masses since ηt is discrete

(1− p)1−ηt (p)ηt , ηt = 0, 1

• The unrestricted (using estimated probabilities, p̂) likelihood function is:

LU(p̂) =

T
∏

t=WE+1

(1− p̂)1−ηt (p̂)ηt

• Which simplifies to
LU(p̂) = (1− p̂)υ0(p̂)υ1
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Restricted Likelihood
• Under H0, the violation probability equals p, so the restricted likelihood function
is:

LR(p) =
T
∏

t=WE+1

(1− p)1−ηt (p)ηt

= (1− p)υ0(p)υ1

• The likelihood ratio test statistic is:

LR = 2(ℓU(p̂)− ℓR(p))

= 2 log
(1− p̂)υ0(p̂)υ1

(1− p)υ0(p)υ1

asymptotic
∼ χ2

(1)

Back to main slides
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Floating Point Numbers in Practice

• Computers use the IEEE 754 standard for representing real numbers

• A double-precision number (64-bit float) uses 1 sign bit, 11 exponent bits and 52
stored fraction bits, giving a 53-bit significand with the implicit leading bit

• This gives about 15–17 significant decimal digits of precision

• But rounding errors for very large or very small numbers, and catastrophic
cancellation when subtracting similar quantities

• A likelihood is a product of many small probabilities, which underflows — working
in logs turns the product into a sum and avoids it
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Numerical Considerations

• The two sides are equal on paper

(ℓU(p̂)− ℓR(p)) = log
(1− p̂)υ0(p̂)υ1

(1− p)υ0(p)υ1

• With sv the violation count υ1, lv the testing window WT and p the VaR level,
take logs first

log(sv/lv)*sv + log(1-sv/lv)*(lv-sv)

- log(p)*sv - log(1-p)*(lv-sv)

• Rather than forming the powers and taking the log at the end

log((sv/lv)^sv * (1-sv/lv)^(lv-sv)/

(p^sv * (1-p)^(lv-sv)))

• The second raises small numbers to large powers, which underflows to zero long
before the log is taken
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Appendix: Independence Test Derivation
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What Is a Markov Chain?

• A Markov chain is a stochastic process where the future depends only on the
present state — not the past history

• It is defined by a set of states and transition probabilities between them

• In our case:
• The state is whether a VaR violation occurred (ηt = 1) or not (ηt = 0)
• We model the probability of a violation today based on whether there was one

yesterday

• If the VaR model is correct, transitions should be independent:

P(ηt = 1 | ηt−1 = 1) = P(ηt = 1 | ηt−1 = 0)
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Transition Counts and Probabilities

• There are four cases, according to whether yesterday and today were violations

• υij counts the transitions from state i to state j , and they sum to all WT − 1
transitions

υ00 + υ10 + υ01 + υ11 = WT − 1

• The first-order transition probability matrix is

ηt = 0 ηt = 1

ηt−1 = 0 π00 π01
ηt−1 = 1 π10 π11
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Estimating the Transition Matrix

• Under the null, the probability of a violation, whatever happened yesterday, is
estimated by the overall hit rate

π̂2 =
υ01 + υ11

υ00 + υ01 + υ10 + υ11
=

υ01 + υ11
WT − 1

• Giving the restricted matrix Π, and, with each probability the share of transitions
out of that state, the unrestricted Π̂

Π =

(

1− π̂2 π̂2
1− π̂2 π̂2

)

Π̂ =

(

υ00
υ00+υ01

υ01
υ00+υ01

υ10
υ10+υ11

υ11
υ10+υ11

)
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Independence Test Likelihood

• The restricted likelihood, at Π, uses the estimated common hit rate π̂2:

LR = (1− π̂2)
υ00+υ10 π̂υ01+υ11

2

• The unrestricted likelihood, at Π̂, is the product over each state:

LU = (1− π̂01)
υ00 π̂υ01

01 (1− π̂11)
υ10 π̂υ11

11

• The LR test is then:
LR = 2 (ℓU − ℓR)

asymptotic
∼ χ2

(1)

Back to main slides
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Appendix: ES Bias
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ES as a Minimum

• Chapter 4 defined ES as the expected loss given that VaR is violated

• Now take any threshold v , not necessarily the right one, and form

G (v) = v +
1

p
E[(−qt − v)+]

• The second term is the average amount by which the loss exceeds v , scaled by 1/p

• At v = VaR the loss exceeds the threshold a fraction p of the time, so the scaled
term is the average excess given a violation

G (VaR) = VaR+(ES−VaR) = ES

• For any other threshold G (v) is larger, so ES is the minimum of G , attained at
the true VaR
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Size of the Bias
• The bias is the gap between G at the VaR forecast and its minimum

B(VaRt) = G (VaRt)− ES ≥ 0

• It is quadratic in small VaR discrepancies

B(VaRt) ≈
f (−VaRtrue

t )

2p
(VaRt −VaRtrue

t )2

where f is the pdf of the actual return distribution
• Quadratic because at the bottom of a smooth minimum the first-order term
vanishes

• Zero when the VaR prediction is perfect
• Negligible when VaR is within ±15% of the true value, still small within ±40%

• The same structure as variance — σ2 = minm E[(yt −m)2] is attained at the
mean, and computing it around a wrong mean inflates it by (m − µ)2



Financial Risk Forecasting © 2011-2026 Jon Danielsson · CC BY-NC-ND 4.0 · page 106 of 111

Intro Backtesting Violations Demo Coverage Independence S&P-500 ES Problems Stress Testing Recent Stress Appendix Bib

Why the Bias Is Prudential

• B(VaRt) is never negative and enters with a minus sign, so any VaR error pushes
the statistic towards rejection

• A correct model can be rejected, so type I errors become more likely
• A wrong model is never accepted on account of the bias, so type II errors cannot

• An imperfect VaR model therefore makes the ES test harder to pass, not easier

• So VaR should be reasonably well calibrated before ES is backtested

Back to main slides
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Appendix: ES Test Distribution
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Why There Is No Reference Distribution

• For VaR the violation count is Binomial(WT , p) whatever model produced the
forecasts

• So a single table of critical values serves every model

• The ES score depends on how far into the tail the losses land, not merely on
whether VaR was breached

• Its distribution therefore depends on the shape the model predicted
• A Student-t model and a normal model with identical ES forecasts give different

distributions for Z̄

• There is no table to look up, so each model must supply its own null distribution
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The Monte Carlo Test in Detail

• Each day the model asserted a full predictive distribution Pt for that day’s P&L

• Under the null, the return that actually occurred was a draw from Pt

• So for each replication b = 1, . . . ,B

1. Draw a hypothetical P&L from Pt for every day in the testing window
2. Recompute the daily scores, holding the ES and VaR forecasts fixed
3. Average them to give one draw Z̄ (b) under the null

• The p-value is the fraction of Z̄ (b) at or below the realised Z̄

• This is a parametric Monte Carlo test, not a bootstrap of the observed returns —
resampling what happened would give the wrong null, since the null concerns the
distribution the model asserted

• The cost is that the whole predictive distribution must be stored each day

Back to main slides
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